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ABSTRACT. Fractional Brownian motion (fBm) exhibits attractive features
for financial modeling, including long-range dependence, path roughness, and
anomalous diffusion. However, its non-semimartingale nature precludes the
use of conventional no-arbitrage approaches to option pricing. We address this
limitation by introducing a time-changed fBm, obtained by evaluating fBm
at stochastic gamma activity time, where activity time represents cumulative
executed trading time. The resulting process retains the defining properties of
fBm while recovering the semimartingale structure. Building on this construc-
tion, we develop the fractional Variance Gamma (fVG) model and propose
a generalized method of moments (GMM) estimation procedure for option
pricing. An empirical analysis of the S&P 500 yields an estimated Hurst
exponent of approximately 0.47, consistent with mildly sublinear temporal
scaling of return moments.

1. Introduction. While Brownian motion remains the canonical continuous-time
stochastic process for modeling financial time series, it does not capture several em-
pirical regularities documented in financial markets. Fractional Brownian motion
(fBm) generalizes classical Brownian motion by accommodating long-range depen-
dence, path roughness, and anomalous diffusion, allowing fBm-driven processes to
incorporate empirical features that are absent from the classical Brownian setting.

One important application is option pricing, where stock prices serve as the un-
derlying asset. Several empirical studies report evidence of long-range dependence
in stock returns, challenging the short-memory assumption embedded in standard
diffusion models [65, 22, 9]. In addition, a growing body of evidence documents mul-
tifractal scaling in asset returns across temporal horizons, e.g., [43, 4, 5, 14, 58, 62].
For instance, [46] show that the distribution of S&P 500 returns measured over
different time intervals satisfies a power-law scaling relation with a Lévy exponent
of approximately 1.4. Complementing this evidence, [38] reject the random walk
hypothesis using the variance-ratio tests, finding that the variance of multiperiod
returns grows more than linearly with the sampling horizon. Similar findings have
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subsequently been reported for Asian [6, 27, 53], European [56], and African equity
markets [55]; see also [39, 6].

However, fBm is not a (semi)martingale, which presents a fundamental obsta-
cle when applying the standard continuous-time, continuous-trading, arbitrage-free
pricing framework.! Specifically, the fundamental theorems of asset pricing rely
critically on the semimartingale property of the underlying asset. When the price
process is not a semimartingale, Itd calculus no longer applies [50], and arbitrage
opportunities inevitably arise in the standard frictionless setting [13]. Consistent
with this result, [52] and [8] show that the fractional Black—Scholes—Merton model
admits arbitrage under continuous trading. Section 2 provides a comprehensive
review of fractional stock price models.

In this paper, we propose a novel approach to option pricing by introducing a
time-changed fBm process, defined as X = By (v), where the fBm By is evaluated
at stochastic gamma activity time . The use of activity time has a long tradition
in option pricing; see, e.g., [40, 21, 42]. Economically, activity time represents the
accumulation of trading activity and the arrival of market information. Modeling
asset dynamics in activity time rather than calendar time therefore provides a natu-
ral way to account for variations in trading intensity. In this view, price movements
are driven by the arrival of new information through trading activity rather than
solely by the passage of calendar time.

The time-changed fBm preserves the principal statistical properties of standard
fBm while remaining analytically tractable. In particular, its distributional proper-
ties can be characterized through a Gaussian-Gamma mixture representation. More
importantly, our central theoretical result establishes that the time-changed fBm
is a semimartingale, rendering it compatible with the classical no-arbitrage pricing
framework based on equivalent martingale measures. Although a gamma activity
process is adopted in the present exposition, our main results extend more broadly
to any pure jump, finite-variation activity-time process with a-bounded variation
on compact sets for every a > 0.

Building on this result, we introduce the fractional Variance Gamma (fVG)
model, which extends the Variance Gamma (VG) model of [41] by replacing the
Brownian motion component with fBm. The resulting five-parameter specification
captures the drift, volatility, skewness, kurtosis, and dependence structure of asset
returns. Unlike the classical VG model, however, the fVG process does not possess
independent increments and does not admit a closed-form density. Consequently,
standard pricing and estimation methods that rely on independent increments or
closed-form expressions are no longer directly applicable. To address these chal-
lenges, we develop a marked point process representation of the time-changed fBm,
characterize its compensator, and derive closed-form expressions for its raw and
central moments.

Under the fVG model, we show that stock returns admit a decomposition
into four distinct components: (i) compensation for the risk-free rate, (ii) a
risk-premium, (iii) an endogenous drift generated by the dependence structure
and historical trajectory of the process, and (iv) a martingale innovation that
captures residual uncertainty. Unlike classical semimartingale models, the fVG
stock price specification therefore contains a dependence-induced drift through
which the current state of the process influences its future evolution. This provides

1See [32, Chapter 2] for a textbook presentation of the standard arbitrage-free pricing model.
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an economically interpretable channel through which persistence in returns affects
asset prices. We further consider an alternative stock price specification based on
time-changed fractional geometric Brownian motion and establish its equivalence
to the proposed fVG model.

To compute the model’s conditional expectations, we construct a simulation pro-
cedure that first generates the discretized sample paths of the fBm and gamma
processes independently, and then evaluates the fBm at the realized gamma activ-
ity times. To ensure numerical accuracy, the {Bm is generated on a finer (secondary)
grid than that used for the gamma activity time (primary grid).

For parameter estimation, we propose a generalized method of moments (GMM)
procedure for the fVG model that exploits the unconditional moments of stock
returns across multiple time horizons. To illustrate the proposed procedure, we
fit the fVG model to the S&P 500 index and compare the full specification with
several nested benchmark models, including the classical Black—Scholes—Merton
(BSM), Variance Gamma (VG), and fractional Black—Scholes—Merton (fBSM) mod-
els. Strikingly, the estimated Hurst parameter H under the full fVG specification
is approximately 0.47, which lies below the Brownian benchmark of 0.5.

This result contrasts with studies reporting long-range dependence in asset re-
turns. It suggests that some of the apparent long memory documented in simpler
models may partially reflect unmodeled heavy-tailed behavior rather than genuine
temporal dependence. Our GMM estimator identifies H primarily through the scal-
ing behavior of return moments across investment horizons, that is, through the rate
at which these moments accumulate with lag length. Consequently, the estimate
H =~ 0.47 implies that the term structure of empirical moments exhibits mildly
sublinear temporal scaling.

Overall, the proposed fVG model accommodates fractional dynamics in stock
price evolution while preserving compatibility with the classical arbitrage-free pric-
ing paradigm. More broadly, the underlying time-changed fBm provides a flexible
stochastic process for a broad range of financial time series applications. Although
time-changed fBm has appeared in the statistical literature, to the best of our
knowledge, this is the first paper to incorporate such a process into an arbitrage-
free asset-pricing framework. We leave a comprehensive empirical evaluation of the
fVG option pricing model to future research.

The remainder of the paper is organized as follows. Section 2 reviews the related
literature. Section 3 provides background on the stochastic processes underlying
our analysis and establishes key results used throughout the subsequent analysis.
Section 4 introduces the time-changed fBm. Section 5 develops the fVG equity
model. Section 6 presents a GMM procedure for parameter estimation. Section 7
reports an empirical application to the S&P 500 index. Section 8 concludes. Proofs
of the main theorems and propositions are collected in Appendix A.

2. Literature review on fractional asset pricing models. Modern continuous-
time, continuous-trading option pricing theory is built on the assumption that asset
prices follow semimartingale processes. This assumption is fundamental because
semimartingales constitute the largest class of stochastic processes for which Ito
calculus is well defined (e.g., see [50]), providing the mathematical foundation for
much of continuous-time financial economics. Although fBm possesses several em-
pirically appealing properties — including long-range dependence, path roughness,
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and anomalous diffusion — it is not a semimartingale. Over the years, several
approaches have been developed to incorporate fBm into financial modeling.

The earliest attempts adopted a direct substitution approach, replacing Brown-
ian motion with fBm in the classical Black—Scholes-Merton (BSM) framework to
obtain a fractional BSM model. However, this formulation was shown to be in-
compatible with the no-arbitrage framework of continuous-time finance. Under the
standard continuous-time, continuous-trading setting, the fundamental results of
[13] establish that arbitrage-free pricing requires the underlying price process to
be a semimartingale. Consistent with this result, several studies have constructed
explicit arbitrage strategies for fBm-driven asset prices, demonstrating that the
fractional BSM model admits arbitrage under continuous trading [52, 8.

To circumvent the arbitrage issues arising from the non-semimartingale nature
of fBm, a second approach modifies the definitions of arbitrage and self-financing
trading strategies to develop an analytically tractable pricing framework based on
divergence/Wick calculus [28, 15]. However, these modified concepts fail to preserve
the standard economic interpretation of portfolio values and trading strategies, lim-
iting their applicability and relevance in financial valuation [3].

Separately, an alternative approach in the literature incorporates fBm into asset
pricing models by modifying the frictionless market assumption. The central idea
is to restrict the class of admissible self-financing trading strategies to restore the
absence of free-lunch-with-vanishing-risk (FLVR). For example, [8] and [33] consider
trading strategies that impose a strictly positive minimum time interval between
consecutive trades. [2] restrict admissible strategies to those representable as Borel-
measurable functions of a finite, prespecified collection of adapted functionals of
the stock price path. Alternatively, [24] introduces proportional transaction costs
and restricts trading strategies to processes of finite variation. While these ap-
proaches successfully restore the FLVR condition, they do so by departing from the
classical frictionless continuous-trading framework. Consequently, the Fundamental
Theorems of Asset Pricing no longer apply directly, and option valuation cannot
generally be formulated through equivalent martingale measures. This departure
limits the analytical tractability of these approaches.

Another branch of the literature constructs alternative semimartingale processes
that replicate selected features of fBm, such as long-range dependence and self-
similarity. Examples include time-changed Brownian motion with long-range de-
pendent activity times [4, 26, 16, 17, 18] and regularizations of fBm [7, 52]. While
these approaches retain compatibility with semimartingale-based asset pricing, they
typically introduce additional modeling complexity and depart from the canonical
Brownian-motion-based paradigm.

Finally, [61] develop an arbitrage-free valuation framework for derivatives written
on non-traded fractional processes. Their approach establishes a coherent pricing
and replication theory for derivatives written on a non-semimartingale underly-
ing, provided that the underlying process itself is excluded from direct trading.
Arbitrage-free valuation is achieved through trading in a sufficiently rich set of
derivatives written on the underlying, allowing the standard arbitrage-free pricing
methodology to be applied despite the non-semimartingale nature of the underly-
ing process. However, this line of work does not permit the prices of traded assets
themselves to exhibit fractional dynamics.
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In contrast to the existing literature, our stock price process generated by time-
changed fBm preserves the principal statistical properties of standard fBm, in-
cluding its ability to generate long-range dependence, irregular sample paths, and
anomalous diffusion across parameter regimes. Moreover, its Gaussian—Gamma
mixture representation yields a tractable characterization of the process that fa-
cilitates both theoretical analysis and statistical implementation. At the same
time, it remains fully compatible with the classical semimartingale framework for
continuous-time arbitrage-free asset pricing through the use of stochastic activity
time, a well-established concept in the option pricing literature.

3. Stochastic processes. This section introduces the three stochastic processes
underlying the fractional Variance Gamma (fVG) model: market point processes,
the gamma process, and fractional Brownian motion (fBm). It also establishes
several technical results that are used throughout the subsequent development
of the model. Throughout the paper, we work on a filtered probability space
(0, F,F := (Ft)teo, 1), P) satisfying the usual hypotheses, where P denotes the sta-
tistical probability measure and F is the joint (enlarged) filtration generated by the
constituent processes, the gamma activity time v and fBm process By, introduced
below. That is, F; = F; V }"ff. For notational convenience, we suppress explicit
dependence on w € {2 and model parameters whenever no ambiguity arises.

3.1. Marked point process. Since all pure jump processes can be represented as
marked point processes, we provide a brief heuristic overview of these processes for
readers less familiar with them. For a more comprehensive treatment, we refer the
readers to standard textbooks, see, e.g., [11, 10].

Pure jump processes are fully characterized by their jump structure. In
particular, each jump is identified by its occurrence time and corresponding
jump size. While for finite-activity jump processes it is feasible to represent
the dynamics explicitly through a sequence of jump-time and jump-size pairs,
{(T1, K1), (T3, K3), ...}, this representation becomes inadequate in the case of
infinite-activity processes, where infinitely many jumps may occur over any
compact time interval.

To accommodate this general setting, a more flexible measure-theoretic formula-
tion is required, in which jump times and magnitudes are jointly encoded through
random measures that track the full jump structure of the process. Consider a
finite-activity marked point process Y with associated jump measure

,U'Y(dtvdx) = Z 5(s,AY(s))(dt,d$)v
s: AY (s)#0

where 0 denotes the Dirac measure on Ry x R and AY (s) represents the jump size
(mark) of the process Y at time s. Intuitively, the random measure py encodes
the jump times and jump size pairs of the process Y. Conversely, given the jump
measure py, the finite-variation process Y can be recovered via integration against

the identity mark function,
t
Y(t) = / /xuy(du,dx).
o Jr

However, the jump measure py only encodes the realized jump occurrences and
does not directly capture the probabilistic structure of the process. To characterize
its distributional properties, it is more convenient to work with its compensator. vy
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is defined to be the compensator (measure) of py if there exists a unique predictable
random measure vy such that, for every Borel set B C R, the process

t— ,uY((07t] X B) - VY((Ovt] X B)

is a local martingale, then vy is the compensator of py. It follows that for any
nonnegative predictable measurable function g : [0, 7] x R — R,

U/ (u, ) py (du, dz) | F } [// (u, z) vy (du, dz) ]—'()]

provided the expectations are well-defined since Y is of finite variation. In essence,
the compensator vy governs the predictable (instantaneous) intensity of the jump
structure encoded by py. Analogous to the representation of Y via its jump mea-
sure, one can define the compensator-driven finite variation process

/Ot/Rm(du,dx)

such that the process Y — A is a local martingale.

The compensator vy characterizes the distributional structure of the process Y.
Informally, for Borel sets A C (0,T] and B C R, vy (A x B) represents the expected
number of jumps occurring in the time interval A with jump sizes in B. If vy ([0, ] X
R) = oo, the process Y is said to exhibit infinite activity on [0, ¢]; otherwise, it is of
finite activity. Analogous to classical analysis, if there exists a measurable function
Yy : [0,T] x R — Ry such that vy (dt,dz) = ¥y (t,2)dzdt, then vy is said to
be absolutely continuous with respect to Lebesgue measure, with density/intensity
function ¥y . In most applied settings involving parametric stochastic processes,
the compensator vy is specified through a parameterized intensity function, which
fully determines the statistical behavior of the jump structure.

It is instructive to illustrate the marked point process framework using the canon-
ical example of a Poisson process with constant intensity, even though the general
Lévy or jump-diffusion formulations already provide a sufficient theoretical founda-
tion.

Example 3.1 (Poisson process: Compensator). Consider the Poisson process N (t)
with constant intensity 8 > 0 (“\” is reserved for its later use as the market price
of jump risk). The jump measure of N is

pr(dt,dz) = Y G (dt,da),
s: AN(s)=1
The compensator of uy is
vy (dt,dx) = 861 (dx) dt,

where ¢; is the Dirac delta function centered at 1. Accordingly, the compensator

process Ay is
//.TI/N (du, dx) B/ </x51 dx))du:ﬂt.

and the compensated process N — Ax = (N(t) — Bt)¢ejo,7) is a martingale.

We next recall a Girsanov theorem for pure jump processes, following Theorem
3.24 of [31] (Chapter III, p. 172). To accommodate the marked point process rep-
resentation and purely discontinuous dynamics of the time-changed fBm framework
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considered in this paper, we specialize the result to jump measures by suppressing
any continuous martingale component.

Lemma 3.2 (Girsanov theorem for pure jump processes, Theorem 3.24 of [31]).
Let Y be a local semimartingale, pure jump process with jump measure py and
compensator vy under the probability measure P. Let A : Ry x R — Ry be a
predictable process satisfying

At,x) >0, P a.s. vVt e [0,T], z €R,

and Novikov’s integrability condition

T
exp <;/0 /R()\(s,x) —1)2 Vy(ds,dl')>‘| < 00.

Define the probability measure Q < P by the Radon—Nikodym derivative process

aQ o :exp{—/ot/]R()\(s,x)—l) uy(ds7dx)+/0t/Rlog)\(s,x) uy(ds,dx)%l.)

E]P

dp

Then, under Q, the compensator of py is given by
Dy (dt,dz) = A(t, x) vy (dt,dx)

forallt € [0,T] and x € R, so that Y — fot Jg © oy (ds,dx) is a Q-local-martingale.

In line with standard terminology, the predictable kernel X is interpreted as
the market price of jump risk. Continuing from Example 3.1, we illustrate the
application of Girsanov’s theorem in Lemma 3.2 to the constant-intensity Poisson
process.

Example 3.3 (Poisson process: Girsanov theorem). Define the market price of risk

At x) = g

for all ¢t € [0,7] and = € R, where § > 0 is some constant. Then, the Radon—
Nikodym derivative is

% - :exp{—/ot/]R <§_1> VN(dS,dI)-f-/Ot/RIOg (g) pn (ds, dz) }
eXP{— (B—ﬁ) /Otds—i-N(t) log <§> }

-\ N
_(g) o tB—B)

Under the probability measure Q, IV remains a Poisson process with compensator

ﬂN = B(Sl (d:z:) dt

and the compensator process Ay is

AN(t)/Ot/Ra:ﬁN(ds,dx)/Othth.

Similarly, the compensated process N — Ay is a Q-martingale.
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3.2. Gamma process. Let v = (v(t;v))¢e[o,7] denote a gamma process with unit
mean rate and variance intensity v > 0, characterized by independent Gamma-
distributed increments over non-overlapping intervals [40], and we adopt the con-
vention that when v = 0, v(¢;0) = t.?

The gamma process will subsequently serve as a stochastic time change, referred
to as activity time, to distinguish it from calendar time. For any time ¢ > 0 and
lag h > 0, the increment G}, := y(t + h;v) — v(t;v) follows a Gamma distribution
with shape parameter h/v and rate parameter 1/v, or equivalently, the probability
density function of Gy, is given by
gh/vfl efg/v

= Vg>0,h>0 2

th(g) F(h/’u)vh/” g ( )

where I'(z) = fooo 2*~le=% dz denotes the gamma function for all z > 0. The incre-
ments have expectation E[G] = h and variance Var[G}] = vh. Intuitively, when

viewed as a stochastic time change (or subordinator), the gamma activity time
evolves at unit speed in expectation relative to calendar time. The volatility pa-
rameter v governs the variability of the activity clock around its mean and therefore
controls the randomness in the accumulation of activity time per unit of calendar
time.

The gamma process v is a non-decreasing Lévy process with independent and
stationary increments, and is therefore referred to as a subordinator. Moreover,
it is an infinite-activity (infinitely many jumps on any finite interval), pure jump
(purely discontinuous) process. The gamma process admits the following marked
point process representation”® with absolutely continuous compensator v, satisfying

v (dt,dg) = ¥, (g) dgdt, Vg > 0.t € [0,T],
where the compensator density function is given by
ANV 3
= , > 0.
Uy (9) o g (3)

3.3. The fBm process. The standard (one-sided) fBm By = (Bu(t))tcjo,1] is 2
centered continuous Gaussian process with stationary increments, initial condition
Bg(0) =0, and covariance function

1
E[Bp(t)Bu(s)] = 5 (7 + 27—t — "),  Vs,te[0,T],
where H € (0,1) denotes the Hurst coefficient. The process is H-self-similar, satis-

fying By (ct) 4 |c|® By (t) for all ¢ > 0, and possesses sample paths that are almost

surely a-Holder continuous for any order o € [0, H). When H = 0.5, the {Bm
reverts to the classical Brownian motion.

Distinct from classical Brownian motion, the fBm exhibits dependent increments.
When H > 0.5, By admits smoother sample paths than standard Brownian motion,

21t is straightforward to generalize the specification by introducing an additional parameter
that allows the expected activity rate to differ from calendar time. However, such a generalization
lacks a clear economic motivation. Accordingly, we normalize the mean activity rate to unity.

3While the Lévy measure is often sufficient in the Lévy process setting, we adopt the marked
point process formulation because it extends naturally to the subsequent analysis. In particular,
the time-changed fBm introduced later is not a Lévy process due to the loss of independent
increments. The compensator-based representation therefore provides the appropriate framework
for characterizing its jump structure.
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and its increments possess positive serial correlation and display long-range depen-
dence (LRD), characterized by the hyperbolic rate of decay in autocorrelations such
that distant observations retain non-negligible influence on future dynamics.* This
contrasts sharply with classical Brownian motion, whose increments are indepen-
dent and Markovian, and thus exhibit no temporal persistence. Such dependence
structures are particularly relevant for modeling persistent serial correlation. In
contrast, when H < 0.5, the increments are negatively autocorrelated, and the pro-
cess exhibits comparatively rough sample paths. Crucially, when H # 0.5, the fBm
process ceases to be a semimartingale, which precludes the direct application of
standard It6 calculus and the risk-neutral valuation framework.

Furthermore, the fBm exhibits anomalous diffusion, whereby its variance scales
nonlinearly over time, Var[B(t)] o< t2, deviating from the linear time scaling of
standard Brownian motion. Accordingly, the process is superdiffusive for H > 0.5,
with variance growing faster than linearly in time, and subdiffusive for H < 0.5,
with slower-than-linear growth. In addition, the Hurst parameter governs path reg-
ularity; smaller values of H correspond to rougher trajectories with weaker Holder
continuity, while larger values of H yield progressively smoother sample paths.

A particularly useful characterization of fractional Brownian motion is its
Volterra integral representation in terms of an underlying Brownian motion.
Specifically,

Bg(t) = /Ot Ky (t,u)dB(u), vVt e [0,T], (4)

where B = (B(t)):e[o,1) is a standard Brownian motion and Ky is a deterministic
kernel given by

Ku(tu) = on =0 o <05—H-H+05 H+§~1—3)1 @  (5)
H\l, H P(H %) 2471 . ’ Bg) 2’ w [0,t)
orH (H — %
oh = ( 2) (6)

I'(2—2H)sin (7 (H — 3))

2
for all ¢,u € [0,T], where ,F'; is the Gaussian hypergeometric function. The fil-
tration generated by Bp coincides with that generated by the driving Brownian
motion B, o (B (w))uejo,q) = 0 ((B(w))uejo,g) for all t € [0,T]. For further tech-
nical details on fBm, we refer the readers to [44, 54, 12].

In parallel with the classical Brownian motion, a version of Girsanov’s theorem
holds for fBm.

Lemma 3.4 (Girsanov Theorem for fBm, [12]). Let (A(t))icjo,r) be a square-
integrable, adapted process with respect to Lebesque measure such that EF[L(T)] = 1,
where

L(t) exp{/ot)\(’u) dB(v);/Ot)\(v)de}, vt e [0,7). (7)

4Several notions of LRD are used in the literature. A standard definition character-
izes a covariance-stationary process {Xj}rez as exhibiting LRD if its autocovariance function
{7x(k)}rez is not absolutely summable, i.e., Y72 _ _|vx (k)] = oco. Alternatively, LRD can
be characterized by the asymptotic rate of decay of the autocorrelation function, satisfying
vx (k) ~ k?H=2 as k — oo, or, in the frequency domain, via the divergence of the spectral
density at the origin, with the spectral density behaving as A=(2H=1) ag X — 0 for H € (0.5,1).
The increments of the fBm process satisfy all these definitions when H > 0.5.
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Define the equivalent probability measure Q by the Radon-Nikodym derivative
%\}-(t) = L(t). Then, (BH(t) + fg Kp(t, u)Mu) du)iecjo,r) under P has the same
law as (BH (t))sejo,r) under Q.

Owing to its analytical tractability and ability to capture both persistence and
roughness, fBm has been widely adopted across disciplines, including hydrology
[29, 45], climate science [34, 30, 48, 20, 57], operations [1, 23, 47, 37], and life sciences
[59, 25, 49]. In finance, fBm has been extensively studied in relation to long memory
in asset returns [22, 65, 28] and the roughness and clustering of stochastic volatility
[64, 51]. In actuarial science and insurance, it has been used to model temperature
and mortality dynamics for pricing weather derivatives and life-contingent claims
[60, 63, 69].

We now introduce notation that will be used in the construction of the time-
changed fBm in the following section. Let ¢(-;t,g) denote the conditional proba-
bility density function (PDF) of the increment By (t + g) — Bp(t) given F(t), for

t €10,7] and lag g > 0,
1 o d L (r=mslg:t) ’ -
V2ros(y: )ep{ 2( o5(g:1) )} et

where mp(g;t) and 0%(g; t) are the conditional mean and variance of the increment
By (t+g) — Bu(t),

P(x;t,9) =

mp(g;t) = E[Bu(t +g) — Bu(t)|F(t)]
/ Kp(t+g,u) — Kg(t,u) dB(u) (9)
op(g;t) = Var [Br(t + g) — Bu(t)|F(#)]
= o K (t+ g,u)? du. (10)

t

4. Time-changed fBm process. This section introduces the time-changed fBm
X underlying the fVG model. The process X = (X(t)).e[0,1) is obtained by eval-
uating fBm By at a gamma time change v, where By and ~ are assumed to be
independent. Specifically,

X(t) = X(¢; H,v) = B (y(t;v)), Vtel[0,T],v>0, He(0,1).

4.1. Properties. We begin by summarizing several key properties of the time-
changed fBm process established in the literature [35, 36]. Since the case H = 0.5
reduces to the classical Variance Gamma model, which has been extensively studied
in the literature, we restrict attention to H € (0,1)\{0.5} in the subsequent analysis
for simplicity. First, the probability density function (PDF) of the time-changed
fBm process X is derived by marginalizing the Gaussian conditional PDF of the
fBm over the Gamma-distributed PDF governing the increments of the activity
time process,

Ixe (@ / #(z;0,9) fe,(9)dg

1 = t/o—H-1,-a%g~2H j2—g/
= v e ” vd 11
V2mut/v T (t/v) / 7 J (h
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for all x € R\{0}, where f¢, and ¢ are defined in Equations (2) and (8), respectively.
Second, the covariance function of X takes the form

L s Jt—s|
B [X(5)X ()] = S (F(U +2H) T(2+2H) T(=ly QH)>

2 "I N BTy

for all s,t € [0,7]. Importantly, the gamma activity time change preserves the

long-memory properties of the underlying fBm. The covariance function of the
non-overlapping increments of X is

E((X(t+ (n+1)h) —X(t+nh)(X({t+h)—X(t))]

o2 (p(sh oy r(nk g op)  r(CEUR L oop) -
2 F((nfl)h) B I‘(M) + F((n+1)h) (12)
v v v

for all n € N, h > 0, and behaves asymptotically as H(2H — 1)h?Hn2H-2 as n —
0o. Consequently, the increment process exhibits long-range dependence (LRD)
whenever H > 0.5. The time-changed fBm process also admits the characteristic
function

et =B ] e

t/v 00 2
_ (1/v) / pt/v—1 exp r U7T2H dr
L(t/v) Jo v

o T 2H w22\
F(tl/y) Zn:O (t/vt 2m) (_ 2 ) ’ H <05

n!

= (1 —t/v,2H)

bl [ e H>05
T(t/0) 111 2 , > U
(0,1)

The final equality follows from the Wright series representation [67] when H < 0.5
and Fox-H representation [19] when H > 0.5. The characteristic function provides
an alternative characterization of the marginal distribution of the time-changed
fBm process and may facilitate the derivation of further distributional and pricing-
related properties. We leave a more detailed investigation of these applications for
future research.

(a) Autocorrelation of increments in X (b) PDF of X
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FIGURE 1. Autocorrelation of the increments in X and PDF of X
across various v, H
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Figure 1(a) plots the autocorrelation function pp,(n)/pp(0) for various combina-
tions of H and v up to lag n = 30, where h = 1/252 corresponds to the average
length of a trading day expressed in years and pp(n) is given by Equation (12). The
autocorrelation profiles indicate the presence of LRD in the increments of X when
H > 0.5, as demonstrated by the slow decay of the autocorrelation function. In
addition, increasing the variance intensity parameter v reduces the magnitude of
the autocorrelations, except when n is large and H < 0.5.

Figure 1(b) shows the PDF of X(1), where fx)(z) is given in Equation (11).
Since the overall scale may obscure important features of the distribution, two
supplementary visualizations are provided. Figure 1(c) displays the same PDF with
the domain restricted to z € [—1, 1], thereby emphasizing the behavior around the
peak, while Figure 1(d) presents the logarithm of the PDF to better illustrate the
tail behavior. The results show that larger values of H and v lead to a lower peak
and heavier tails, indicating an increase in dispersion and tail thickness. However,
when v is small, variations in H have only a limited effect on the shape of the
PDF. This suggests that v is the primary parameter governing the kurtosis of the
time-changed fBm process.

Next, we derive the unconditional moments of the time-changed fBm process in
Proposition 4.1.

Proposition 4.1 (Unconditional raw moments of X). For any n € N,

nHIL(/vdnH) (0 1y
. v NGm) (n—1DN, n even
E[Bu(~(1)"] = ~ (13)
0, n odd

It follows from Proposition 4.1 that the unconditional mean and skewness of
X are both zero. Moreover, the unconditional variance is given by Var[X (t)] =

v2H %, and the unconditional kurtosis is
E[(X(t) — E[X(t)])4] _ 3vHD(t/v + 4H) /T (t/v)
Var[ X (¢)]? (VHT(t/v + 2H)/T(t/v))?
(/v +4H)I(t/v)
7 T(t/v +2H)?
3

oF1(—2H,2H;t/v+2H;1)

oo

I (t/v+2H + k)*
(t/v+4H + k) (t/v+ k)’

Vt>0,v>0,

k=0
where 5 F'; is the hypergeometric function. Thus, X is leptokurtic, and the variance
intensity parameter v controls the kurtosis of X. As t — oo, the kurtosis decreases
and converges to 3, corresponding to the kurtosis of a Gaussian process. These
results are consistent with the observations shown in Figure 1 and with the findings
of [35] and, in the special case H = 0.5, of [40].

Next, we describe the simulation procedure for the time-changed fBm X on the
interval [0,T] with time step a > 0, given its parameters v > 0 and H € (0,1).
The idea is to first simulate both the discretized fBm and the gamma processes
independently, and then evaluate the fBm at the corresponding realized activity
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times generated by the gamma process. To ensure numerical accuracy, the fBm is
generated on a finer (secondary) grid than that used for the gamma activity time
(primary grid).

Let the step sizes of the primary and secondary grids be a and b, respectively, with
a > b > 0. The primary grid {t,})_, is constructed by t,, = na, where N = |T/a/|
denotes the number of primary grid points. We first simulate the gamma process
{An 3121 with 4, = ~(t,). Subsequently, we construct the secondary grid {s;};_,
via s; = jb, where J = |4n/b| represents the number of secondary grid points.
Next, we generate a sample path of the fBm {B H.j }3]:0 on the secondary grid, with
BHJ = Bp(sj). We then map the realized activity times onto the fBm path by
selecting By, = By with j = [4,/b] for each n € {1,..,N}. The resulting
sequence {BHm}sz:l constitutes a single simulated path of the time-changed fBm
process X. Throughout the paper, we set a = 1/252, corresponding to the length
of a trading day measured in years, and b = a/100.

For simulation of the gamma process, we draw independent and identically dis-
tributed gamma increments with shape parameter a/v and rate parameter 1/v, and
construct the process via cumulative summation. The fBm paths are generated by
summing simulated increments obtained through the Wood—Chan method, which
exploits a circulant embedding of the covariance matrix of fractional Gaussian noise
and employs the Fast Fourier Transform for computational efficiency [66].

B8"(y(1)

Time changed fBm, X(t)

05

[ 50 100 150 200 250
Time (days), t

FI1GURE 2. Simulated sample paths of X under various v, H

Figure 2 presents simulated sample paths of time-changed fBm on the interval
[0, 1] under various combinations of the parameters {v, H}. To facilitate direct com-
parison across parameter settings, the same random seed is used in all simulations,
thereby reducing sampling variability in comparisons and isolating the effects of
v and H on the sample paths. When H < 0.5, the sample paths exhibit a rela-
tively rough and irregular appearance, whereas for H > 0.5, the trajectories become
noticeably smoother. Thus, Hurst exponent governs the visual irregularity of the
sample paths, a property inherited from the underlying fBm. Note that the gamma
subordination fundamentally changes the path regularity of fBm, and the resulting
X is pure jump and of bounded variation.

In contrast, as v increases, the trajectories appear increasingly intermittent,
characterized by extended periods of little or no movement followed by abrupt
changes. This phenomenon arises because a larger variance intensity parameter
induces greater variability in the increments of the gamma activity time. Although
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the mean rate of the gamma activity time remains unchanged, its increment distri-
bution becomes more positively skewed and heavy-tailed, resulting in more frequent
occurrences of both very small and exceptionally large increments. Consequently,
the time-changed process exhibits prolonged flat segments interspersed with sud-
den, pronounced movements. Overall, the results indicate that the Hurst exponent
H primarily controls the irregularity and scaling of jump magnitudes inherited from
the underlying fBm, while the variance intensity parameter v primarily governs the
intermittency and irregular timing induced by the stochastic clock.

4.2. Marked point representation. To characterize the stochastic drift of the
time-changed fBm process X, it is more convenient to represent X as a marked
point process. Since fBm has continuous sample paths and the gamma activity
time is an infinite activity, pure jump process, the resulting time-changed process
X is also a purely discontinuous, pure jump process.

Let vx denote the compensator of X and let 1)x be the associated density of vx,
satisfying

vx(dt,dx) = ¥x (¢, x) dz dt, Vte[0,T],z €R. (14)

By the construction of X, the compensator density ¥y can be expressed as the
convolution of the conditional density of the fractional Brownian motion increments
with the density of the gamma activity process,

Uxlta) = /O " o5y (t0), 9) s (9) dg

2
1 ((z=msp(g:v(tv))
/oo exp{z<m(3m<t;v))> } 1
0

- —e vdg, Vtel0,T],zeR,
V2rap(g;v(t;v)) vg
(15)

where the functions 9., ¢, mp and op are defined in Equations (3), (8), (9), and
(10), respectively. The conditional moments mp and op are evaluated at the latent
gamma activity time (),

mp(g;7(t)) = E[Bu((t) + 9) — Bu(v(t))[F(t-)]
()

-/ Ky (y(t) + g,u) — Ku(y(t),u) dB(u)

o5(g;7(t)) = Var [Bu(v(t) + g) — Bu(~(t))|F(t-)]

v(t)+g
- / Ka(v(t) + g,u)” du
~(t)

for all g > 0 and ¢ € [0,T).

4.3. Semimartingale behavior and equivalent probability measure
changes. This section presents the main theoretical results establishing the
suitability of the time-changed fBm X as a driving process for asset price models
within the classical arbitrage-free pricing framework. We first prove that the
time-changed fBm is a semimartingale and then characterize its compensator.

Theorem 4.2 (Semimartingale X). The time-changed fBm X = By (y) is a semi-
martingale.
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Proposition 4.3 (Compensator of X). There exists a unique, continuous, pre-

dictable, finite variation process Ax = fot ax(s)ds such that X — Ax is a P-
martingale, where

ax<s>:/RxwX<s,m) dx:/ooommm(s))w(g) dg,  Vse0.

Theorem 4.2 establishes that the gamma time-changed fBm X is a semimartin-
gale, while Proposition 4.3 provides an explicit characterization of its predictable
compensator. In particular, the compensator is unique, and the compensated pro-
cess X — Ax is a true P-martingale. Intuitively, the process ax = (ax(t))tefo,7]
represents the instantaneous predictable drift of the time-changed fBm, in the sense
that a(t) ~ E[Bg (y(t+dt)) — By (v(¢))|F(t—)]/ dt, which quantifies the conditional
expected infinitesimal rate of change given the available information. For the special
case H = 0.5, the underlying fBm reduces to a standard Brownian motion, whose
increments have zero conditional mean. In this case, ax(t) = 0 for all ¢t € [0,T7,
and therefore, the compensator process vanishes, Ax(t) = 0, and the time-changed
Brownian motion is a martingale.

Consequently, as discussed in the introduction, X may be employed as the driving
noise process in asset price models within the classical continuous-time, continuous-
trading, arbitrage-free pricing framework, thereby overcoming the principal obstacle
to the direct use of fBm, namely its failure to be a semimartingale. Moreover, the
existence of a unique predictable compensator facilitates the derivation of sufficient
conditions on the drift of an asset price process under which an equivalent change
of probability measure renders the discounted price process a martingale. The
following corollary establishes Girsanov’s change-of-measure theorem for the time-
changed fBm.

Corollary 4.4 (Girsanov theorem for time-changed fBm). Consider a time-changed
JfBm process X = By () with compensator vx under the statistical measure P. Sup-
pose there exists a predictable process A > 0 satisfying all the necessary conditions
i Lemma 3.2, and define the probability measure Q by the Radon—Nikodym de-
rivative in Equation (1). Then, there exists a unique, predictable, finite-variation
compensator process Ax(t) = fot JrzA(s,z) vx(ds,dz) such that the compensated

process X — Ax is a Q-local-martingale. Furthermore, if

p| " 2
E /0 /Rx A(s, ) x(s,z) dz ds} < o0, (16)

then X — Ax is a Q-martingale.

Corollary 4.4 characterizes the predictable compensator of the time-changed fBm
under an equivalent risk-neutral measure. A sufficient condition for Equation (16)
is that the market price of risk be uniformly bounded, that is, |\(¢,z)| < M for
some constant M > 0. Indeed, since the compensator under Q satisfies 7 = Av, and
the expected quadratic variation of X under P is finite, it follows that

/OT/RxQ/\(S,x)Q/)X(S,x) dmds] < MEP [/OT/R;U%X(S,:U) dxds] < 0.

In the general case, with an arbitrary market price of jump risk A(z,t), the dis-
tribution of By () under Q is not generally known. The Girsanov transformation

E]P’
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establishes an equality in distribution between the appropriately drift-adjusted pro-
cesses under P and Q. This equality does not, in general, imply that By () retains
the structural representation of a gamma-time-changed fBm under @Q, unless the
change of measure preserves both the gamma structure of the time change and its
independence from the transformed fBm.

Finally, we highlight some challenges arising in the application of time-changed
fBm within financial modeling. In particular, the conditional distribution of X ()
given F(s), for s < t, cannot be determined solely based on the realizations of X up
to time s. Although its conditional law admits a representation in terms of the latent
gamma activity time v(s), the realized values of v(s) are unobservable. Specifically,
under the natural filtration Fx(s) = o({X(u) : u € [0,s]}), the activity time
v(s) is not Fx(s)-measurable. Consequently, the constituent processes By and ~
cannot be separately identified from the observations of X = By (). Likewise, the
compensator process Ay is not adapted to the filtration generated by X since
it depends on the conditional moments mg(g,v(s)) and 0%(g;7y(s)), which are
functions of the latent activity time v and therefore cannot be evaluated directly
from the observed sample path of X.

Although the conditional distribution of X is unavailable in closed form, it can
be approximated by simulation. The Gaussian—-Gamma mixture representation of
the time-changed fBm makes unconditional path simulation of X computationally
straightforward. The conditional distribution can then be approximated by retain-
ing only those simulated paths that are sufficiently close to the observed history.
Specifically, given historical observations { X (t5)} X, with 0 = tg < t; < -+ < tg =
s and parameters {v, H}, the conditional distribution may be approximated by

S XO@) < a] 1 [IXO (1) - X)) <8 VE]

Ex )7 (x) = -
S |IXO @) - ()] < 6 V]

which converges to the true conditional distribution as N — oo and d;, — 0 for all £
on a refining observation grid with appropriate regularity assumptions. Simulation
of X is discussed in Section 4.1, while parameter estimation is presented in Section 6.
Conditional quantities of practical interest, such as forecasts based on conditional
expectations and measures of future uncertainty based on conditional variances, can
then be evaluated directly from the simulated distribution.

4.4. Skewness. The standard time-changed fBm X is symmetric and therefore
cannot capture skewness that is commonly observed in financial return series. In this
section, we introduce an extension analogous to the VG model of [40] by appending
an additional drift term 6+(¢; v) to introduce asymmetry, thereby enabling the model
to capture skewed return distributions.

Consider the process W = (W (t))scjo,7], where
W(t) =W(t;0,0,v, H) = 0v(t;v) + o X (t; H,v).

The four parameters in W have distinct distributional effects. The parameter § € R
primarily controls the mean and skewness of the increments, v > 0 controls the
variability of the activity time and hence the excess kurtosis, 0 > 0 determines
the overall scale of the process, and H € (0,1) governs the path regularity, degree
of persistence, and the rate at which moments scale with the time horizon. This
separation of roles is useful for estimation, as changes in skewness, kurtosis, scale,
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and temporal dependence can be attributed to different parameters of the model.
The proposed specification represents a fractional extension of the classical VG
model. When H = 0.5, the model coincides with the VG process. For H #
0.5, the model retains the variance-gamma mechanism responsible for skewness
and excess kurtosis while additionally incorporating long-range dependence and
fractional scaling through the Hurst parameter.

The distribution of W admits a normal-gamma mixture representation. Its un-
conditional density can therefore be obtained by integrating the conditional Gauss-
ian density with respect to the distribution of v. We begin by deriving the uncon-
ditional moments of the increments in W.

Proposition 4.5 (Unconditional moments of W(t)). For any n € N, the n-th
unconditional raw moment of the increments in W is

E[(W(t+h) —W(#)"]

[n/2]
=> ot ok ok n—2k—m) L (40— 2k(1 - 1)) (17)
= £ 9FE(n — 2k)! r(%) 7

k=0 v
and the n-th unconditional central moment of the increments in W is

E[(W(t+h) —W(t) —E[W(t+h) —W(t)])"]

ln/2] n—2k

_ Z n! gr—2k 52k Z n—2k (_h)n—Qk—Z,U2kH+€F (% +2kH +1)
2kl (n — 2k)! l I (%)
k=0 £=0

v

(18)

Following Proposition 4.5, explicit expressions for the first four moments are
presented below. These expressions are subsequently used in Section 6 for parameter
estimation.

Corollary 4.6. For any t > 0 and h > 0, the unconditional expectation and the
second through fourth unconditional central moments of the increments in W are

E[W(t+h)—W(t)] = 0h
E [(W(t +h) =W (t) —E[W(t+h) - W(t)})ﬂ = 0%vh + a%zHF(IZ

E [(W(t +h) — W(t) - E[W(t+h) — W(t)})?’} = 2002}

2 142 I (% + 2H)
+ 6Ho?0v' T HW
E [(W(t L h)—W(t) —E[W(t+h) — W(t)})ﬂ = 04(3h%0? + 6hv®)
(242 L(L+aH
+ 6520%0*" 1 (h + 2H(2H + l)v)(; O ) + 30%4"’(; 0 ),

Figure 3 illustrates the moments reported in Corollary 4.6 for time lags h =
n/252, where n € {1,...,30}. Under this convention, n may be interpreted as the
number of trading days. Throughout, we fix o = 0.2, as this parameter primarily
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FIGURE 3. Moments of the increments in W given in Corollary 4.6
across parameters {H,v,0}.

affects the scale of W and does not materially alter the qualitative behavior of its
moments.

When 6 = 0, both the first raw moment and the third central moment remain
identically zero, indicating that 8 is the primary driver of the mean and skewness
of W. As 0 increases, the third central moment becomes more pronounced, with
the effect being particularly strong for smaller values of H. The Hurst parameter
H also influences the rate at which higher-order moments evolve with the time lag
h. In particular, using the asymptotic relation I'(h/v + 2kH)/T'(h/v) ~ (h/v)?*H
as h — oo, the central moments of W grow according to a power law depending on
the value of H.

Similar to Section 4.1, the parameter v governs the tail heaviness, or kurtosis, of
W. When 6 = 0, the kurtosis is monotonically increasing in v and converges to 3
as v — 0. Since v governs the variability of the activity-time process, larger values
of v correspond to greater fluctuations in the gamma activity clock, which in turn
induces larger fluctuations in the conditional variance and produces heavier tails of
w.

Overall, Figure 3 demonstrates that W provides separate control over the key
distributional features of financial returns, allowing it to simultaneously capture
skewness, heavy tails, and long-range dependence, which are three prominent fea-
tures of financial return data.

5. The fractional variance gamma (fVG) model. In this section, we use
the preceding results concerning time-changed fBm to construct the fVG model
within the standard continuous-time, continuous-trading arbitrage-free option pric-
ing framework. The key idea is that the randomness in an asset price process,
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represented by a generic pure jump innovation process Y, is generated by a time-
changed fBm, X = Bg(7), where the fBm By is evaluated at gamma activity time
v.

The adoption of activity time has a long tradition in option pricing and has a
clear economic interpretation; see, e.g., [40, 21, 42]. Activity time corresponds to
the times at which trades are executed and therefore reflects the accumulation of
trading activity. During periods of high trading intensity, prices are updated more
frequently and typically exhibit greater volatility. By contrast, between trading
times, there are no transactions and hence no observable changes in prices. Con-
sequently, for option valuation it is natural to model the price process in activity
time, which reflects the flow of trades, rather than calendar time, which evolves
exogenously at a constant rate.

5.1. The setup. Consider a frictionless and competitive market consisting of a
stock and a default-free money market account (MMA) that trade continuously over
the time horizon [0, T]. Without loss of generality, we assume that the stock pays no
cash flows and that the risk-free spot rate process r = (r(t)):c[o, 1) is deterministic.
Dividend payments can be incorporated at the cost of additional notation, and
stochastic interest-rate dynamics can be introduced through standard extensions;
neither affects the key contribution of the paper.

The fractional Variance Gamma (fVG) model is characterized by the stock price
process

S(t) = 5(0) exp{E(t) + Y (1)}, (19)
where S(0) > 0 and Z = (E(t))se[o,r7 denotes a predictable drift process. For

convenience, we assume that = is absolutely continuous, so that

=~ | e(s)ds

for all ¢ € [0, T], where £ is a predictable, locally integrable process, with £(t) > r(t)
for all t € [0,T]. Accordingly, = is continuous with finite variation. The process
Y = (Y (t))e[o,r) represents the stock’s innovation process and is modeled as a pure
jump process with jump measure py. Let vy denote its compensator with density
1y under the statistical measure P. Following Section 3.1, the processes Y and its
compensator process Ay under P admit the representations

Y(t)/ot/quy(ds,dx), Ay(t)/ot/Rxl/y(ds,dx) Vtelo,T].

Although the valuation results developed below apply to any pure jump inno-
vation process, our primary interest is in innovation Y generated from the time-
changed fBm X. For example, Y may be constructed by enriching the jump struc-
ture of X through an arbitrary predictable intensity function n : Ry x R — R,
yielding

v = [ [ ) nxias.an)

where px is the jump measure of the time-changed fBm X. Alternatively, following
the VG construction of [40], one may take the innovation process to be

Y(t) = W(t) = 04(t) + o Bu (v(1)),
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introduced in Section 4.4. Since W is likewise a pure jump process, the valuation
framework developed here applies directly to this specification.

Taking logarithms of Equation (19), the log price process is linear in the innova-
tion Y,

InS(t) =1nS(0) + Z(t) + Y (¢). (20)

A lower value of the Hurst exponent H produces rougher stock price trajectories,
while a higher variance intensity v makes the stock price process less regular, ex-
hibiting more pronounced periods of inactivity interspersed with abrupt jumps.

Under the statistical probability measure P, the conditional expected log return
of the stock over the interval [u, t], given the information set F(u), is

EF [1115(” f(u—)] = (Eﬂ" [Z(t) | F(u—)] — E(u))

S(u)

n (E Ay (1) | Flu)] - Ay<u>), (21)

where the compensator process Ay depends on the latent activity time . The
first term represents the contribution of the exogenous drift process =, whereas the
second captures the endogenous drift induced by the dependence structure of the
innovation process Y.

More interestingly, when H # 0.5, log stock returns exhibit serial dependence
arising from the endogenous drift component, characterized by a power-law decay
of autocorrelations. For H > 0.5, log returns exhibit positive autocorrelation and
long-range dependence, implying that periods of positive historical returns tend to
be followed by higher expected future returns. Moreover, the influence of past in-
crements decays slowly and remains significant even over long horizons. Conversely,
when H < 0.5, increments are negatively correlated, giving rise to anti-persistent
dynamics. In this regime, positive returns are more likely to be followed by negative
returns and vice versa.

The conditional variance of the stock’s log returns is given by

S()

vae'[1n ) )| (2

In many applications, the innovation process Y is assumed to be the sole source of
randomness, with = taken to be deterministic. Under this assumption, the condi-
tional variance simplifies to the expected quadratic variation of the jump process

Y
P S(t)
Var {ln 7S(u)

]—'(u)] = Var [E(t) — E(u) + Y (t) — Y (u)

)

f(u—)} = Var® [Y (t) — Y (u)| F(u—)]

= EF |:/:/]Rx2 vy (ds, dz) }'(u)} .

Importantly, the Hurst exponent H governs the temporal scaling of the variance.
When H > 0.5, log returns are superdiffusive, with the variance growing faster than
linearly over time. Conversely, when H < 0.5, log returns are subdiffusive, with the
variance increasing at a rate slower than linear in time.

Remark 5.1 (Continuous Brownian motion). The model can be easily extended
to include a continuous Brownian component. In this setting, the It6 formula
for general semimartingales naturally accommodates the presence of a continuous
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martingale term alongside the jump component. Nevertheless, such an extension
is not pursued in the present study. Since the time-changed fBm generates an
infinite-activity process, its sample paths are, in practice, virtually indistinguishable
from those of a continuous process when observed at discrete time intervals. This
observation is analogous to the argument contained in [40] in the context of the VG
model. To maintain a concise exposition and focus on the principal contributions
of this paper, we omit the additional source of randomness arising from additional
Brownian motions.

5.2. No arbitrage and existence of an EMM. Let S = (S(t))icpor] =

(e” Jore) 4¢S(t))¢e(o,r) denote the discounted stock price process, and let Q denote
the equivalent martingale measure (EMM), defined as the probability measure
Q ~ P under which S is a Q-martingale under the filtration F. The absence of
arbitrage imposes a restriction on the drift of the stock price process under the
statistical measure P, as characterized in Proposition 5.2 below.

Proposition 5.2 (Stock price dynamics under EMM). Suppose there exists an
EMM Q whose compensator satisfies vy (dt,dz) = A(t,z)vy (dt,dx) for all t €
[0,T],z € R, and for some predictable process X\ = (A(t,x))icj0,1),zer- Then, the
stock’s drift must satisfy the arbitrage-free drift condition

r(t) = &(t) + /}R(e'qc — 1A, x) Yy (t,z) dz, vVt e [0,T], (23)

where A\ denotes the market price of jump risk. Furthermore, under Q, the dis-
counted stock price S satisfies

S(t) = S(u) +/ /Rg(cf) (e — 1) (py — Dy )(de, dx), 0<u<t<T, (24)
where Dy (dt,dz) = A\(t, x) vy (dt, dx).

From Equation (24), the conditional variance of the discounted stock price pro-
cess is

Var® [5(t) | F(u)] = E@ { /u t /R S(e=)? (% — 1) by (de, du) f@)} (25)

By substituting the arbitrage-free drift condition in Equation (23) into the stock
price dynamics, the drift process = can be endogenized, and the stock’s log returns
can be expressed as

t t
In 5() :/ r(c) dc—/ /(693 — DA, z)yy (¢, x) dez de + Ay () — Ay (u)
S(U) u u JR
Cumulative Risk premium Endogenous
risk-free rate drift
+Y (1) = Y(u) — (Ay (1) — Ay (u)). (26)
Martingale

The log return process therefore admits a decomposition into four distinct compo-
nents: (i) the cumulative risk-free return, (ii) a risk premium determined by the
market price of jump risk A, (iii) an endogenous drift arising from the dependence
structure and historical trajectory of the innovation process Y, and (iv) a martingale
component capturing the residual uncertainty in stock returns.
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While Proposition 5.2 yields the necessary condition on the drift of the stock when
an EMM exists, the following result provides a partial converse to Proposition 5.2
by establishing sufficient conditions for the existence of an equivalent martingale
measure.

Proposition 5.3 (Sufficient conditions for the existence of EMM). Suppose there
exists a predictable market price of jump risk process X = (A(t,x))icjo,1),ccr Salis-
fying
1. Strict positivity: A(t,x) > 0 for allt € [0,T] and z € R,
Novikov’s condition: EF [exp (% fOT JeA(e,z) = 1)? vy (de, dx))} < 00,

2.

3. True martingale condition: EF [Lrexp {Z(T) +Y(T)}] =1, and

4. Arbitrage-free drift condition: r(t) = £(t) + [p(e” — 1) A(t,x) ¢y (t,z) dz for
allt €10,T7.

Then, there exists an EMM Q.

However, the presence of jumps in the stock price dynamics generally leads to
market incompleteness. An implication of this proposition is that the EMM is
generally non-unique, with the set of admissible EMMs consisting of equivalent
probability measures Q(\) corresponding to market prices of jump risk A that satisfy
the four stated hypotheses.

5.3. Derivative valuation. For valuation purposes, we work within an arbitrage-
free market. By arbitrage-free, we mean that the market satisfies no free lunch with
vanishing risk (NFLVR) and no dominance (ND). Under the fundamental theorems
of asset pricing, these conditions imply the existence of an equivalent martingale
measure (EMM) Q. Specifically, we assume that the stock price process under the
fVG model satisfies the sufficient conditions for the existence of an EMM established
in Proposition 5.3.

However, the presence of jumps generally leads to market incompleteness. By
the second fundamental theorem of asset pricing, the non-uniqueness of the EMM
implies that the fVG market is incomplete. Therefore, derivative valuation requires
the selection of an EMM Q(A) from the admissible set. Several approaches have
been proposed in the literature for selecting an EMM. One approach determines a
unique derivative price through an optimization criterion, such as utility indifference
pricing. A second approach selects a unique EMM based on economic considera-
tions, such as the treatment of diversifiable risk, or analytical criteria, such as the
minimal martingale measure. A third approach empirically identifies an EMM con-
sistent with observed prices of traded derivatives.

Once an EMM @ has been selected through any of these approaches or otherwise,
the arbitrage-free price at time ¢ of a derivative with payoff function G : R — R
and maturity T is given by the risk-neutral valuation formula

- e_ftT r(u) dug(S(T)) ‘]:(t)} .

This expectation can be evaluated numerically using the conditional distribution
simulation methodology developed in Section 4.3.

5.4. Alternative time-changed fgBm model. In the preceding section, stock
prices were specified as an exponential transformation of the innovation process Y,
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yielding a log return process that is linear in Y. Specifically, the fVG model was
constructed by specifying

dlog S(t) = £(¢) dt + Y (¢).

Motivated by the classical Black—Scholes—Merton paradigm, an alternative and
equally natural specification is to generalize geometric Brownian motion by replac-
ing standard Brownian motion with the time-changed fBm process. This section
considers this alternative formulation and demonstrates that the resulting model
can be represented within the same valuation framework through an appropriate
transformation of the jump intensity.

The time-changed fractional geometric Brownian motion (tfgBm) model is de-
fined by

dS(t) = S(t)E(t) dt + S(t—) dY (¢),

where S(0) > 0 is given. To ensure the positivity of the stock price process, we
impose the condition that AY (¢t) > —1 for all t € [0, T]. The corresponding solution
S is given by the Doléans-Dade exponential,

S(t) = S(0) exp {=(0)} [ (1 +AY(u

u€|0,t]

= 5(0) exp{ / /ln 1+ z) py (du, dm)} (27)

Accordingly, the log return process admits the representation

(t)):/utg(c)chr/ut/Rln(l+x)z/y(dc,dx)
+/ut/Rln(1+m) (ny — vy)(de, dz).

The first term represents the exogenous drift, while the second term is the endoge-
nous predictable drift induced by the innovation process Y. The final term is a
P-martingale that captures the residual randomness in the log return dynamics.

Because the tfgBm framework is formulated directly through the stock price SDE,
the derivation of the no-arbitrage drift condition is comparatively straightforward.
Suppose there exists an EMM Q. Then, under Q, the compensated measure py — by
is a Q-martingale with Dy (dt,dx) = A(¢,2) vy (dt,dx), and the discounted stock
price process S satisfies

() = S(u) + [ 5(c) [g(c)—r(c)+/m(c,x)¢y(c,x) dz| de

R

+/ut/RxS(C) (py — Py )(dc, dz).

Thus, the arbitrage-free drift condition is

r(t) = £(t) + /R st 2) Uy (ta) de,  VEe [0,T]. (28)

Similar to the fVG framework, the no-arbitrage condition yields an economically
meaningful decomposition of the stock’s log returns. In particular, In(S(t)/S(u))
can be expressed as the sum of four components: (i) the cumulative risk-free return
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fi r(c) de, (i) the compensation for jump risk fi Jg  AMe, 2)vy (¢, ) da de, (iii)
an endogenous drift arising from past realizations fi fR In(1 + z) vy (de,dx), and
(iv) residual martingale innovation process fi JeIn(1+ ) (uy — vy)(de,dz). This
decomposition is the direct analogue of Equation (26), with the principal distinction
being the jump-amplitude transformation z — In(1 + ).

The price of a contingent claim with terminal payoff G(S(T)) remains

EQe= /i v dv G(S(T))|F(t)], where the terminal stock price under Q admits
the representation

1nS(t):/t dc—//x—ln 14 2)) Ac,x)Yy (¢, z) da de

S(u)
/ /m 1+ 2) (uy — iy)(de, da).

and A(t, ) is determined by the no-arbitrage restriction in Equation (28).

A direct comparison of Equations (19) and (27) reveals that the fVG and tfgBm
specifications are equivalent up to a deterministic transformation of the jump am-

plitudes. Let
t
— [ [ emiasz)
o JR

denote the innovation process in the tfgBm model. Then, the same stock price
dynamics can be obtained under the fVG framework by adopting the innovation

process
t
f= / / In(1 + 2) ay, (ds, dz).
0 R

That is, the fVG innovation process Y7 is obtained by applying the jump-amplitude
transformation

n(z) :=1n(l + )

to the jumps of the tfgBm innovation process Y5. Conversely, given an fVG in-
novation process Y7 (t) = fot Jg  py, (ds,dz), the corresponding tfgBm innovation
process is obtained by applying the inverse jump-amplitude transformation

n Hz) =e” - 1.

Consequently, the principal results developed in Sections 5.1 through 5.3 extend
directly to the tfgBm framework with the appropriate modification in the jump
amplitude of the innovation process. Of the two specifications, the fVG model offers
greater analytical tractability. Since log returns are linear in the driving innovation
process Y, their statistical properties can be characterized more directly, facilitating
both theoretical analysis and economic interpretation. By contrast, under the tfgBm
specification, log returns depend on the modified jump amplitudes through the
mapping x +— In(1 + ), which complicates the characterization of return dynamics
and the derivation of explicit pricing results.
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6. Parameter estimation via GMM. This section presents a Generalized
Method of Moments (GMM) procedure for estimating the parameters of the fVG
model. We consider the constant-parameter stock price process

S(t) = S(0) exp {&t + Ov(t;v) + o Bu(v(t;v))},

where £ e R, 0 € R, 0 > 0, v > 0, and H € (0,1); see Section 4.4. Several well-
known models arise as special cases of the proposed evolution. When H = 0.5, the
innovation process reduces to standard Brownian motion, and the model coincides
with the classical VG model of [40]. Setting v = 0 and # = 0 eliminates the
stochastic time-change, yielding the fractional Black—Scholes—Merton (BSM) model
driven by fBm. Although this model is known to admit arbitrage opportunities, it
is included for completeness and as a benchmark for the full specification. Finally,
when H = 0.5, 8 = 0, and v = 0, the model further simplifies to the classical BSM
framework.

Suppose stock prices are observed discretely as {S;, }¥, on the time grid {t;}2,.
For simplicity, we assume equally spaced observations Wlth sampling interval d > 0,
so that ¢; = id for all ¢ € 0,1,...,N. Let Rgn) denote the i-th observation of the
n-lag log returns,

R =1 (S, /),

where n € N, so that each lag corresponds to the time interval nd. Following
Corollary 4.6, let p(g,n) denote the unconditional mean (for ¢ = 1) and central
moments (for ¢ > 1) of the n-lag log returns. Specifically,

E [Rl(")} : g=1

p(g;n) =
E KRE” _E [RE"’D? g€ {2,3,4)
(E+0)nd, g=1
nd
02vnd + o?v ZH%, qg=2
203v%nd + 6 Ho?Ov'+2H r(e+2H) qg=3

= Wv

r(2d 440
64(3(nd)*v? + 6ndv?) + 30tv 4HW

+6020%0* 1 (nd + 2H(2H + 1)v )%, q=4.

The corresponding sample moments are defined by

(q,m) Nn+1ZN nR(n) qg=1 -
g, n) = 3 . N . 29
N T " (RE Nl e ”R( ) . q€{2,3,4}

Let ny, € N denote the number of moment conditions of order ¢, and define
L =ny +n2 +nz +ng. We then construct the (L x 1) vector of moment conditions
as the stacked differences between theoretical and empirical moments,

m = [p(1,1) = p(L,1), ... p(Lm)—p(1,n),
0(2,1) _ﬁ(2a1)7 ,0(2 n2) (2 ’/lg),
p(3,1) = p(3,1), ... p(3,n3) = p(3,n3),
P4 1) = p(A 1), o p(dma) = pld,ma)]
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For a given (L x L) weighting matrix W, the GMM estimator is defined as

{€*,6%,v*, H*,0*} = argmin m’ Wm. (30)
£,0,v,H,0
The procedure is initialized with the identity weighting matrix, W = I. The GMM
estimator is therefore obtained from

4 Ng
{gf,QT,UT,Hf,O'T} = argmin ZZ(p(Q7n) 7ﬁ(‘17n))23
£,0,v,H,0 a=1n—1

which corresponds to an equally weighted least-squares fit of the moment conditions.

To mitigate the risk of convergence to local minima, we adopt a multi-start
optimization strategy at each GMM stage. Initial parameter values are selected from
all combinations of & € {—1,0,1}, 6y € {—1,0,1}, vo € {1072,1072,1071}, Hy €
{0.3,0.5,0.7}, and oo € {0.05,0.1,0.2}. For each initialization, the optimization
problem is solved independently, and the parameter estimates corresponding to the
smallest value of the GMM objective function are retained.

7. An illustration using the S&P 500 index. To illustrate the fVG model
and the proposed GMM estimation procedure, we use daily observations of the
Standard & Poor’s 500 Index (S&P 500) obtained from the CRSP database over
a ten-year period spanning January 1, 2010 to December 31, 2019. For simplicity,
observations are assumed to be equally spaced with sampling interval d = 1/252,
corresponding to one trading day. The resulting dataset contains N = 2516 daily
price observations.

For the empirical analysis, we set the moment truncation to n; = no = n3 =
ng = p with p € {2,3,4,5}, and implement the GMM procedure described in Sec-
tion 6. For any given value of p, the GMM framework incorporates 4p moment
conditions. Increasing p enables the moment conditions to capture the power-law
temporal scaling more effectively, thereby improving identification and calibration
of the Hurst exponent H. However, larger values of p can also introduce numeri-
cal challenges, including multicollinearity among the moments, increased sampling
variability, and a more ill-conditioned optimization problem, which can adversely
affect estimation stability. Consequently, for empirical applications, we recommend
using p = 2, as it is the smallest value that avoids underidentification, providing
eight moment conditions for the estimation of five parameters.

In addition to estimating the full model, we consider several restricted speci-
fications obtained by imposing the constraints § = 0, v = 0, and H = 0.5 in all
admissible combinations. For each restricted model, parameter estimation is carried
out using the same GMM framework, with optimization performed over the cor-
responding constrained parameter space. We exclude the specification with v = 0
and 0 # 0. When v = 0, the parameter € is no longer identified because it enters
the model only through the first moment in conjunction with £. Consequently, only
the sum £ + 6 is identifiable. Intuitively, this specification introduces an additional
deterministic drift term, 6¢, into the log-return process, which is already captured
by the existing deterministic drift £t.

Although more efficient estimation procedures are available for certain nested
specifications, particularly when H = 0.5, we adopt a common estimation method-
ology across all models to facilitate a direct comparison of parameter estimates. For
example, the VG model admits likelihood-based estimation through its closed-form



TIME-CHANGED FRACTIONAL BROWNIAN MOTION 27

PDF. Nevertheless, employing a unified GMM framework ensures that differences
in empirical performance can be attributed to the model specifications themselves
rather than to differences in the estimation methodology.

p=2 p=3
5* O'* 9* ’U* H* 5* O'* ‘9* U* H*
0.1048 0.1451 - - - 0.1048 0.1443 - - -
0.1048 0.1451 - 0.0100 - 0.1048 0.1443 - 0.0100 -
0.5588 0.1411 -0.4540 0.0057 - 0.5533 0.1385 -0.4485 0.0080 -
0.1048 0.1225 - - 0.4660 0.1048 0.1301 - 0.4776

0.1048 0.0768 - 0.0588 0.3197 0.1048 0.1307 - 0.0003 0.4786
0.5579 0.1256 -0.4531 0.0013 0.4716 0.5568 0.1233 -0.4520 0.0068 0.4717

p=4 p=>5
é-* o* g* v* H* 5* o* o* v* H*
0.1048 0.1431 - - - 0.1048 0.1420 - - -
0.1048 0.1431 - 0.0100 - 0.1048 0.1420 - 0.0100 -
0.5531 0.1363 -0.4483 0.0094 - 0.5533 0.1337 -0.4485 0.0113 -

0.1048 0.1266 - - 0.4720 0.1048 0.1242 - - 0.4679
0.1048 0.0940 - 0.0855 0.3610 0.1048 0.0955 - 0.0691 0.3718
0.5358 0.1125 -0.4310 0.0104 0.4527 0.3397 0.1054 -0.2349 0.0236 0.4271

TABLE 1. Estimated GMM parameters for the S&P 500 under al-
ternative model specifications and moment truncation levels n; =
N2 =N3 =Nyg =P.

Table 1 reports the optimal GMM estimates for all six combinations of parameter
restrictions across moment truncation levels p € {2,3,4,5}. Restricted parameters
are indicated by a dash in the table.

We begin by discussing the main findings under our preferred specification, p = 2.
When the Hurst exponent is fixed at H = 0.5, the estimated volatility parameter
o* is approximately 0.14 across all model specifications. However, once H is esti-
mated freely, the fitted value of o* declines. This pattern suggests that persistence
captured by the Hurst exponent may otherwise be absorbed by the volatility pa-
rameter when temporal dependence is not adequately modeled. Stated differently,
allowing H to vary attributes part of the observed variability in S&P 500 returns
to long-range dependence rather than its instantaneous volatility.

When 0 is fixed at zero, the estimated drift parameter £* is consistently around
0.1. Once 0 is allowed to vary, however, the optimal value of £* increases because
the first moment condition effectively identifies the combination £* + 6*, which
remains close to 0.1 across specifications. The estimated 6* is generally negative,
indicating negative return skewness. This finding is consistent with the negative
sample skewness of the S&P 500 reported by [40] for the VG model.

The estimated variance-intensity parameter v* is close to 0.01 when 6 = 0 and
H = 0.5. Its value tends to increase when H is estimated freely and decrease when
0 is unrestricted. Since v primarily governs the kurtosis of returns, this pattern
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suggests that erroneous omission of serial persistence H leads to an underestima-
tion of return kurtosis, whereas neglecting the skewness parameter 6 causes excess
kurtosis to absorb part of the asymmetry in the return distribution.

When H is unrestricted, the estimated Hurst exponent generally lies within the
interval [0.3,0.5]. Although these values remain relatively close to the Brownian
benchmark 0.5, the deviations are significant and economically meaningful. As
noted above, even modest departures from H # 0.5 materially affect the estimation
of the remaining parameters and imply substantially different stock-price dynamics.

Under the fractional BSM specification (§ = v = 0), the estimated Hurst ex-
ponent is typically around 0.47. Because higher-order cumulants vanish when
0 = v = 0, estimation relies primarily on the first two moments, with H enter-
ing through the second central moment. The results therefore suggest a slightly
slower-than-linear growth in variance scaling over longer horizons relative to the
Brownian benchmark. Moreover, when kurtosis is explicitly modeled through the
parameter v, the estimated Hurst exponent tends to decline further below 0.5 to
0.32. This finding indicates that part of the non-Gaussian heavy-tailed behavior of
returns may otherwise be misattributed to temporal dependence, as both kurtosis
and the Hurst exponent influence higher-order return moments. In contrast, under
the fully unrestricted specification, the estimated Hurst exponent increases to ap-
proximately 0.47 once skewness and kurtosis are jointly accommodated through 6
and v. Our result shows that the accurate calibration of H requires that skewness
and kurtosis are appropriately modeled.

Across different values of p, the qualitative findings remain largely unchanged.
In particular, the parameter estimates, especially for £*, o* and H*, are relatively
stable within a given model specification. Nevertheless, estimation becomes less
stable as p increases beyond 5. For example, when p = 10 (not shown), we occa-
sionally obtain positive estimates of 0* despite the negative empirical skewness of
S&P 500 returns. Parameter estimates often hit the boundaries and fluctuate errat-
ically across initial starting values. Such results are consistent with the numerical
difficulties discussed earlier and reinforce our preference for moderate truncation
levels, particularly p € {2, 3}.

Interestingly, the estimated Hurst exponent is consistently below the Brownian
benchmark of H = 0.5. This finding suggests mild anti-persistence in S&P 500
returns, whereby positive shocks are more likely to be followed by offsetting move-
ments. Moreover, because the model separately accounts for skewness and excess
kurtosis, the estimated Hurst exponent is less likely to absorb non-Gaussian features
of the return distribution. Consequently, the results indicate that apparent long
memory documented in simpler specifications may partly reflect unmodeled heavy
tails rather than genuine temporal persistence. Nonetheless, although H < 0.5
is often interpreted as evidence of anti-persistent increments, the present GMM
procedure identifies H primarily through the scaling of return moments across in-
vestment horizons. Consequently, the estimates are more naturally interpreted as
indicating that return moments accumulate slightly more slowly than the linear
growth implied by standard Brownian motion. In other words, the term structure
of empirical moments exhibits mildly sublinear scaling, which the model captures
through a Hurst exponent below 0.5.

A formal comparison of model performance remains challenging. The condi-
tional distribution of the time-changed fractional Brownian motion does not admit
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a tractable closed-form expression, making the computation of forecasting met-
rics, likelihood-based criteria, and option-pricing implications considerably more
demanding. A comprehensive evaluation of predictive and pricing performance is
therefore left for future research.

8. Conclusion. This paper introduces a novel framework for equity option pricing
in which the stock prices are driven by a time-changed fBm. The proposed pro-
cess preserves many of the key statistical properties that make fBm attractive for
financial modeling, including its ability to capture long-range dependence, rough-
path-type behavior, and anomalous diffusion. At the same time, the introduction
of a stochastic time change ensures that time-changed fBm is a semimartingale pro-
cess, thereby permitting arbitrage-free valuation within the standard framework of
mathematical finance.

The proposed model provides a parsimonious yet rich framework for capturing
salient features of observed asset-price dynamics. We hope that the results presented
in this paper will stimulate further empirical and theoretical investigation, especially
into the applications of asset pricing, risk management, and derivative valuation.
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Appendix A. Proofs.

A.1. Proof of Proposition 4.1. For any n € N, we have

nH(p — 1)
E(B(+())"] = E[EBa () (o)) = | - O™ 0=

0
- U"HW( — 1!, neven
- 0, nodd ’

where the second equality follows from the central moments of the Gaussian distri-
bution and the third equality follows from the raw moments of the Gamma process.

A.2. Proof of Theorem 4.2. Since the path of By is continuous and v is a
pure jump process, X = Bpy(y) is also a pure jump process. In addition, X is
adapted and cadlag because By and ~ are adapted and cadlag. Furthermore, by
Proposition 2 of [68], X has bounded variation on compacts. Thus, by Theorem 7
of [50] (Chapter II, p. 55), X is a semimartingale.

A.3. Proof of Proposition 4.3. By Proposition 2 of [68], X has bounded varia-
tion on compacts, and thus, the jumps of X are bounded over [0, T]. It follows from
Theorem 35 of [50] (Chapter II, p.131) that X is a special semimartingale. Thus, by
Theorem 34 of [50] (Chapter II, p.130), X admits a semimartingale decomposition
X = M + A, where M is a local martingale and A is a unique, predictable, finite
variation process.

Next, we construct the compensator process A = (A(t))ep0,r]- By the marked
point process representation of A, we have

A(t):/ot/sz/X(ds,dx)
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:/t/mbx(s,x) dz ds
// (/ O(w;7(5). 9) s (g) d )dxds
// (/”MU )dx>¢v(9)dgds

=/0/0 mp(g;7(s)) ¥y(g) dg ds

for all t € [0,7]. The existence of integrand also implies that A is absolutely
continuous, and thus, continuous.

Lastly, we show that X — A is a true martingale. A sufficient condition is to
show that E[(X (t) — A(t))?] < oo for all t € [0, T]. By Minkowski’s inequality

[NIE

E[(X(t) - A())%]? <E[X(1)?]* +E[A®)?]?

it suffices to bound each term, E[X (¢)?] and E[A(t)?], uniformly across ¢ € [0,T].

Firstly, using the iterated law of expectation and the fractional moments of the

gamma distribution,

I'(t/v+2H) o2H
I(t/v)

BIX (t)*] = E[E[Bu (+(t))* /(D] = Elv(H)*"] = <00

forallt € [0,T],v>0and H € (0,1).
Next, to bound E[A(#)?], recall that

A(t)/otax(s)ds with  ax / m(g;7(s))w-(g) dg

For any g > 0, applying Jensens inequality for conditional expectations to
mg(g;7(s)) = E[Bu(v(s) +9) — Bu(y(s)) | F1,)] gives

ms(gi1(5)* < E[(Bu(r(s) + 9) = Bu(r(s)? | F5, ]

where F, ,1;3(3) denotes the filtration generated by By up to time v(s). Taking uncon-
ditional expectations and using the stationary increment property of fBm yields

(Ime(g;v(s)e2)* < B [(Bu(y(s) +9) = Bu(y(s))*] = g*

Then, applying Minkowski’s integral inequality to ax(s) and integrating against
—g/v

the gamma compensator density 1. (g) = ¢ g » We obtain

0 e—g/v

lox()lo < [ lms(ar 6Dl (g < [~ g dg = o),

Finally, Minkowski’s inequality applied to A(t) = fot ax(s)ds yields ||A(t)||r2 <
tv~1T(H), so that

E[A(t)?] < 20*HVD(H)? <00,  t€[0,T],v>0,H € (0,1).

This concludes the proof for elevating the local martingale into a true martingale.
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A.4. Proof of Proposition 4.5. For any ¢t > 0 and h > 0, the increment of W is
W(t+h)—W(t)=0G, +0GHZ,

where G, = vy(t+h) —y(t) ~T'(h/v,1/v) and Z ~ N(0,1) are independent. Then,
the n-th raw moment of the increment W (t + h) — W(t) is

E[W W (t)"]
{ (0G, +JGHZ) "]

9Gh " (oGl 7)’

:Z ] 9" JJJE[G" ST E [77]
j=0
[n/2]
_ Z <2k>9n 2k 2k [G" 2k(1- H)} E[Z%]
k=0
(o

[n/2] h

_ Z n>9n2k02kvn2k(lH)F (E +n— ik(l — H)) (2k _ 1)”
P (%)
[n/2]

_ Z L9n72k02kvn72k(17H) T (§+n—2k(1 - H)) .
= 2Rkl(n — 2k)! (L)

Next, to establish the central moments, we evaluate the expectation
E[W(t+h) - W(t)] = 0E[Gh] = 0h
and express the centered increment as
W(t+h) —W(t) —EW(t+h)—W(t)] =60(G,—h)+oGH 2.
Consequently, for any n € {2,3, ...}, the n-th central moment is
E(W({+h)—W(t)—E[W(t+h) —W(t)])"]
-E [(e(Gh —h)+ oGhHZ)n]

> (’j) O(G —n)" (o611 2)’
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since for any k € {0,1, ..., [n/2]},
n—2k
GQk:H Z ( ) )n 2k— @Gé

n—2k

Z (n - 2k> h)n—2k—tg [G2kH+Z}
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and the coefficients simplify to

n\ (n—2k (2% — 1)1 = n! (n—2K)! _ nl 1
2k i U 2Rk (n — 2k) O(n — 2k — 0)1  2FK1 0(n — 2k — O)1

A.5. Proof of Proposition 5.2. We first recall the generalized Ito formula for
semimartingale by [50].

Lemma A.1 (Ito formula for semimartingale, Theorem 32 of [50]). Let Y be a
semimartingale and f € C*(R). Then, the generalized Ito formula is

£0%) = 1)+ [ g—zm_mm% S Lray;
+ Z |: s—) gzjj( s—)AYS]'

s€(0,t]

Following the log returns process in Equation (20), the discounted log returns
process is given by

dIn S(t) = (&(t) — r(t)) dt + dY (¢), Vit e[0,T].

Applying the generalized Ito formula in Lemma A.1 with f(z) = e* yields the
discounted stock price process

—|—/O S(c) (&(c) —r(c)) dc—|—/0 /RS(C—) (e = 1) py(de,dz).

Under Q, the stock price process can be decomposed into its predictable drift and
martingale components

0 +/0 S(e)(&(e) —r(c))dc—i—/o /RS(C) (e = 1) vy (dc,dx)
o [ S e 1) oy = v

=50+ [ 80 (g0 -0+ [ - )Ny (ear)ac
/ /S (€ — 1) (uy — iy )(de, da)
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where 7y (dt,dz) = A(t,2)vy(dt,dx). Since S is a martingale under Q, its pre-
dictable finite-variation component must vanish identically. Consequently,

r(t) = £(t) + / (e — D) A(t,2) vy (t, ) da,

which is precisely the arbitrage-free drift condition. Substituting this identity into
the above decomposition yields Equation (24).

A.6. Proof of Proposition 5.3. Under the strict positivity and Novikov condi-
tions, Girsanov’s theorem for marked point processes implies that the stochastic
exponential

%I(PA) :exp{—/OT/R()\(s,x)—l) Vy(ds,dx)+/0T/Rlog)\(s7m)MY(d5adx)}

is a true P-martingale. Consequently, it defines a probability measure Q(\) equiv-
alent to PP.

Furthermore, under Q(\), the compensator of the jump measure py is given by
vy (dt, dx) = A(t, z) vy (dt, dx).

Substituting this compensator into the stock price dynamics, the arbitrage-free
drift condition ensures that the drift of the discounted stock price process vanishes.
Finally, the true martingale condition guarantees that the discounted stock price is
a true Q(A)-martingale. Thus, Q()\) is an EMM.
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