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Abstract 
 

 
This paper uses a bottom-up, reduced form credit risk model with hazard rate estimated 
default probabilities to compute various collateralized loan obligation (CLO) tranches’ 
loss probabilities and capital factors. It is shown that with respect to the loss 
probabilities, credit rated CLO tranches are less risky than comparably rated corporate 
bonds. In addition, a similar argument can be made that corporate debt loss rates will 
be on average larger than an equally rated CLO tranche's loss rate. And, with respect to 
the capital factors, it is shown that NAIC capital factors are typically larger than value-at 
risk based capital factors computed using a bottom-up, reduced form credit risk model. 
 

 
 

1.  Introduction 
 
To help guarantee the financial stability of the insurance industry, the National 
Association of Insurance Commissioners (NAIC) sets capital requirements. In these 
regulations, an insurance company must set aside capital for each fixed income security 
held on its balance sheet according to a formula employing NAIC capital factors that are 
based on a security’s credit rating (see, American Academy of Actuaries C1 Work 
Group, 2015 and Moody’s Analytics, April 2021, p. 15). 
 
Of recent debate is the accuracy of the NAIC capital factors for computing the required 
capital for Collateralized Loan Obligations (CLOs). It has been argued that the current 
NAIC capital factors are such that they imply the existence of capital arbitrage. Indeed, 
it has been shown that an insurance company could decrease the amount of NAIC 
capital required for a portfolio of loans by creating a CLO with this portfolio as the 
collateral pool and holding the entire tranche structure of the CLO (see, Morgan Stanley 
Research, July 8, 2022). 
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Given this debate, the purpose of this paper is to empirically test three hypotheses. 

Hypothesis 1: Default probabilities as implied by a standard debt issue's credit rating are 
biased relative to those generated using time series data and hazard rate estimation. 

Hypothesis 2: Credit rated CLO’s hazard rate estimated loss probabilities based on a 
bottom-up, reduced form credit risk model are, on average, smaller than comparably 
rated corporate bond hazard rate estimated default probabilities. 

Hypothesis 3: The credit ratings based NAIC capital factors are typically larger than 
those capital factors computed using a 5-year horizon, 96% level value-at-risk (VaR) 
based on a reduced form, bottom-up credit risk model with hazard rate estimated 
default probabilities.  

When comparing risk measures for standard debt issues whose losses are determined 
in bankruptcy by absolute priority rules, and CLO tranches whose losses are 
determined by the CLO's waterfall, the default probability for standard debt is 
comparable to the loss probability for a CLO tranche. This is because default for 
standard debt triggers a potential loss, whereas for a CLO tranche, a loss is only 
triggered when all lower tranches have realized a 100 percent loss and losses still 
remain to be allocated from the CLO's collateral pool.  

For hypothesis 1, we performed two tests. In the first test, we analyzed the hazard rate 
estimated default probabilities for standard debt by credit rating category, showing the 
bias that results from assigning a unique probability to each rating category. For the 
second test, we analyzed the implied model prices for traded bonds using two models, 
those based on credit ratings and another using a reduced form credit risk model with 
hazard rate estimated default probabilities. This test shows that the credit rating-implied 
probabilities give different prices from those generated by hazard rate estimation. In this 
test, the bond prices using hazard rate estimated probabilities matched market prices 
significantly better than those implied by credit ratings. Both tests confirm the validity of 
hypothesis 1. 

When analyzing CLOs, tests performed in this paper are based on a sample of 24 CLO 
tranches. For hypothesis 2, we compared the average hazard rate estimated loss 
probabilities for various CLO tranches with comparably rated corporate debt hazard rate 
estimated default probabilities. This comparison shows that for credit rated CLO 
tranches, their loss probabilities are uniformly smaller than the default probabilities of 
equally rated corporate debt. This test confirms the validity of hypothesis 2. 

Last, for hypothesis 3, we performed three tests. In the first test, we compared the NAIC 
capital factors with CLO tranche capital factors based on hazard rate estimated default 
probabilities for standard debt issues. This test's approach is a top-down, reduced form 
credit risk model. The comparison shows that the NAIC capital factors are biased high 



    
  

3 
 

relative to the credit risk model with hazard rate estimated probabilities. The second test 
compares the NAIC capital factors for each CLO tranche with VaR based capital 
factors, computed over a 5-year horizon at the 96% level, obtained from a bottom-up, 
reduced form credit risk model using hazard rate estimated default probabilities. This 
comparison shows that the NAIC capital factors for CLO tranches are biased high. The 
final test compares the NAIC capital factor for a portfolio of the CLO tranches with the 
VaR for the CLO portfolio, computed as in test 2. The NAIC capital factor for the 
portfolio is again biased high. In conjunction, all three tests support the validity of 
hypothesis 3. 

In the next section of this paper, we argue that the source of the inaccuracy when using 
a corporate debt’s default probability to imply an equally rated CLO’s loss probability is 
due to the different payoff structures of corporate debt versus a CLO tranches’ waterfall. 
And, we argue that the source of the bias in the NAIC capital factors is due to the use of 
historical corporate debt's default and loss experience to estimate both a CLO’s loss 
probability and loss rate. The theoretical reasons underlying these statements are given 
in the next section. 
 
 
2.  Theory and Historical Evidence 
 
First with respect to hypothesis 2, using corporate debt default probabilities by credit 
rating to determine a CLO tranche’s loss probability is expected to be biased high, on 
average, due to the different payoff structures of corporate debt versus the CLO 
tranche. Due to cross default provisions for corporate debt, if any of a corporation’s 
liabilities default, then all of the remaining corporation’s liabilities default as well. In 
contrast, due to the waterfall structure of a CLO’s tranches, highly rated CLO tranches 
only realize a loss if all of the less senior CLO tranches losses are equal to 100%. This 
difference implies that, all else equal, a corporate debt issue is more likely to default and 
realize a loss with a larger probability relative to an equally rated CLO tranche.  
 
In addition, for the loss rates in the event of default for corporate debt versus CLO 
tranches, a similar argument can be made that corporate debt loss rates will be on 
average larger than an equally rated CLO tranche’s loss rate. This difference in loss 
rates is because in bankruptcy proceedings, the absolute priority of senior versus junior 
corporate debt issues are often modified (see Franks and Torous 1994), whereas this 
would not be the case given a CLO tranche's loss waterfall. 
 
Next with respect to hypothesis 3, the NAIC capital factors when applied to CLO 
tranches are also potentially misspecified due to the fact that the NAIC capital factors, 
by credit ratings, are based on risk-based capital (RBC) C1 bond factors (see American 
Academy of Actuaries C1 Work Group, August 3, 2015). The RBC C1 bond factors are 
computed based on historical default probabilities and loss rates of U.S. corporate debt 
(see Moody’s Analytics, April 2021, p. 15). And, as noted in the discussion of hypothesis 
2 above, corporate default probabilities and losses are expected to be larger than a 
comparably rated CLO tranche's loss probabilities and losses. 
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In computing a CLO tranches’ loss probabilities, there are two approaches: a top-down 
or bottom-up approach. A top-down approach models the stochastic evolution of the 
aggregated collateral pool’s cash flows to determine a CLO tranches’ loss probability. 
We note again that using the NAIC capital factors for CLO tranches based on credit 
ratings of comparable corporate debt (as described above) is a top-down approach for 
computing a CLO tranche’s loss probability. 

In contrast, a bottom-up approach models the stochastic evolution of each security’s 
cash flow in the collateral pool and then aggregates. Clearly, the top-down approach is 
only an approximation to the theoretically correct bottom-up approach. And, the quality 
of the approximation in the top-down approach is determined by the simplifications 
made for analytic tractability. Various simplifications appear in the literature with 
different degrees of accuracy (see Filipovic and Schmidt 2010, Giesecke, Goldberg and 
Ding 2011, Diener, Jarrow and Protter 2012). 

When using the bottom-up approach, there are two models in the literature for 
estimating the collateral pool’s loss probabilities: the structural and reduced form credit 
risk models. However, both on theoretical grounds and based on the empirical 
evidence, reduced form models are more accurate in predicting future bond defaults 
(see Jarrow 2011, Shumway 2001, Bharath and Shumway 2008, and Campbell, 
Hilscher and Szilagyi 2008, 2011). Furthermore, this increased predictability generates 
better valuation and more accurate risk management statistics. Indeed, the bottom-up 
approach using a reduced form credit risk model has been successfully applied to value 
Commercial Mortgage Backed Securities (CMBS), another class of structured debt (see 
Christopoulos, Jarrow and Yildirim 2008, Christopoulos and Jarrow 2018) and for the 
determination of the capital held in the FDIC insurance fund (see Bennett, Jarrow, Fu, 
and Zhang, 2005). 
 
The failings of the top-down approach to estimate the credit risk of structured products 
prior to the 2007 credit crisis has been well-documented. First, the credit ratings of 
standard and structured debt issues prior to the 2007 credit crisis were inflated (see 
United States Senate, Majority and Minority Staff Report, Permanent Subcommittee on 
Investigations, April 13, 2011). Second, these inflated ratings have been attributed to 
the both the use of poor models (top-down and structural) and the mis-aligned 
incentives generated by the issuer pays-for-rating structure of the credit rating industry 
(see Crouhy, Jarrow and Turnbull 2008, Wall Street Journal, Behind AIG’s Fall, Risk 
Models Failed to Pass Real-World Test, November 3, 2008).3  
 
Despite the passing of the Dodd-Frank Act in the United States, which removed credit 
rating requirements in various regulations (see Dodd-Frank Wall Street Reform and 
Consumer Protection Act, 2010, One hundred and eleventh Congress of the United 
States), the issuer pays-for-rating structure is unchanged, and there is still strong 
evidence that the credit rating biases have not disappeared (see Dimitrov, Palia, and 

 
3 For economic models showing this incentive bias and its effect on ratings see Jarrow and Xu 2010, Kashyap and 
Kovrijnykh 2015, and Bolton, Freixas, Shapiro 2012.  



    
  

5 
 

Tang 2015). This last observation is the motivation for hypothesis 1, as stated in the 
introduction. 

In summary, the above theory and historical observations concerning the use of credit 
ratings argue that the current method used to compute CLO tranches’ loss probabilities 
and NAIC capital factors, based on comparably rated corporate debt, is potentially 
biased, and typically too large. These observations are the motivations for the three 
hypotheses as stated in the introduction. 

The remainder of this paper provides empirical tests which support the validity of these 
three hypotheses. 

 

3.  The Data Sample 

 
To test these three hypotheses, we collected a representative sample of 4 CLO deals, 
and 24 collateralized loan obligation tranches (CLOs). The collateral pools underlying 
these deals, in aggregate, consist of loans issued by a combination of public and private 
firms. There are 384 different issuers of these loans across the collateral pools for which 
hazard rate default probabilities were available. The CLO deals and tranches are listed 
in Exhibit 1. As seen, there is a good spread of credit ratings across the various CLO 
tranches. 
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Exhibit 1: CLO Tranches Analyzed 
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Exhibit 2 lists a small sample of the issuers in the collateral pools of the 24 CLOs listed 
above. 
 
 
Exhibit 2: Selected Issuers in the Collateral Pool 
 

 
 
 
 
4.  Empirical Tests of Hypothesis 1 

This section provides two empirical tests of hypothesis 1 that a standard debt's default 
probabilities as implied by the debt's credit rating are biased relative to those generated 
by time series hazard rate estimation.  

 

4a.  Empirical Test 1 (Unique Credit Rating-implied Default Probability) 
 
The first empirical test is to study the hazard rate estimated default probability estimates 
for a given rating category. Each rating category has a single (unique) implied credit 
rating default probability. If the hazard rate estimated default probabilities and the 
implied credit rating default probabilities coincide, then there will be one estimated 
default probability for each credit rating category. 
 
Using all the public firms, world wide, on October 17, 2022, Exhibit 3 shows that this is 
not the case. As seen, there is considerable variation in default probabilities for a single 
rating category. For example, consider the BBB+ rating category column. This collection 
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of BBB+ rated bonds have1-year hazard rates estimated default probabilities ranging 
from 0.00% to 10%. A single (unique) credit rating-implied default probability is 
inconsistent with this range. 
 
Furthermore, consider the AAA rated bonds. Even here there is a spread in hazard rate 
estimated default probabilities between 0.02% and 0.10%. Again, not a single value. 
And, what is even more interesting is that there are bonds rated A through BB-, the first 
row, that have smaller hazard rate estimated default probabilities than do the collection 
of all AAA rated bonds. 
 
 
Exhibit 3: 1-Year Default Probabilities by Credit Rating, October 17, 2022 
 

 
 
This test provides strong evidence in support of hypothesis 1 and that corporate single 
issuer debt credit ratings are random with respect to the hazard rate estimated default 
probabilities. 
 
 
4b.  Empirical Test 2 (Bond Pricing) 
 
A second method for analyzing the difference between a standard debt's credit rating 
implied default probabilities and those obtained via hazard rate estimation is to use 
these probabilities to compute prices for traded bonds, and to check if they generate 
similar prices. 
 
The valuation model that employs the credit rating’s implied default probabilities to price 
traded bonds is to first determine a bond’s credit rating, and then to price the bond’s 
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cash flows discounting the bond’s promised cash flows by the appropriate default-free 
rate adjusted upward by the market’s credit spread for that credit rating. This is the 
standard approach used to price credit risky bonds in the industry and taught in 
introductory finance courses. 
 
Alternatively, as discussed in Hilscher, Jarrow and van Deventer 2022, one can 
compute the arbitrage-free (risk-neutral) value of a bond using a reduced form model in 
conjunction with the hazard rate estimated default probabilities. The reduced form credit 
risk model, due to Jarrow and Turnbull 1992,1995, is based on the same methodology 
underlying the famous Black-Scholes model used to price equity and foreign currency 
options, and that used to price interest rate derivatives as in the HJM model (Heath, 
Jarrow, Morton 1992). 
 
If the credit rating’s implied and hazard rate probabilities coincide, the two approaches 
to valuation will give the same computed values. However, as documented in Hilscher, 
Jarrow and van Deventer 2022, the two model values are significantly different, implying 
that the two default probabilities differ. In fact, Hilscher, Jarrow and van Deventer 2022 
show that the hazard rate estimated default probabilities match market prices much 
more closely for all traded issuers in the U.S. market over the time period September 
2017 to January 2021. This is strong evidence supporting the validity of hypothesis 1. 
 
To illustrate this difference in valuation, on October 14, 2022 we studied the traded 
bond prices for all senior fixed-rate corporate bonds from issuers with a least five traded 
bonds outstanding, a total of 1,849 bonds. The computations were done using 
Kamakura’s KRIS service hazard rate estimated default probabilities. The market credit 
spreads are based on S&P’s credit ratings.  
 
Exhibit 4 graphs both the errors between the arbitrage-free value and market prices, 
and the errors between the credit rating spread value and market prices. As seen, the 
arbitrage-free prices based on the hazard rate estimated default are significantly more 
accurate. Indeed, the spread of the error distribution for the arbitrage-free model is more 
condensed around zero, with a significantly smaller spread. As indicated in the Exhibit, 
the arbitrage-free values relative to the credit rating spread values have: (i) smaller 
mean absolute pricing errors (arbitrage: 0.253 versus rating: 1.591) and (ii) a smaller 
standard error of the pricing errors (arbitrage: 0.460 versus rating: 2.115). 
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Exhibit 4: Distribution of Bond Pricing Errors for Reduced Form versus a Credit 
Rating-Based Pricing Model 
 

 
 
 
Exhibit 5 graphs the time series of the standard deviations of the pricing errors for both 
the arbitrage-free and the credit rating spread models for all senior fixed-rate corporate 
bonds from issuers with at least two traded bonds outstanding, over the time period 
September 1, 2017 until October 14, 2022. As seen, the arbitrage-free model’s pricing 
errors have uniformly smaller standard deviations across time. 
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Exhibit 5: Historical Standard Deviation of Pricing Error for Reduced Form and 
Ratings-Based Model 
 

 
 
Again, this evidence supports the validity hypothesis 1. 
 
In summary, using both the credit ratings themselves or market prices implied by credit 
ratings, the evidence supports the hypothesis that the credit rating-implied default 
probabilities for standard debt are biased relative to default probabilities generated 
using time series data and hazard rate estimation. 
 
 
5.  Empirical Tests of Hypothesis 2 
 
This section provides an empirical test of hypothesis 2, using hazard rate estimated 
default probabilities for corporate debt, and hazard rate estimated CLO tranche loss 
probabilities based on a bottom-up, reduced form credit risk model. These tests were 
conducted for all the loans in the CLO's collateral pools. 
 
The hazard rate estimated default probabilities for the CLO’s collateral pool loans were 
obtained from Kamakura Corporation, a subsidiary of SAS Institute Inc. These 
probabilities are estimated using a similar methodology, albeit improved, as in Chava 
and Jarrow 2004. The credit ratings employed in this comparison are from S&P Global 
via Kamakura Risk Information Services (“KRIS”).  
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Whenever possible, we matched the collateral loans with the issuer’s Kamakura KRIS 
services public firm hazard rate estimated default probabilities. When KRIS default 
probabilities for the issuer were not available, we used the 75th percentile default 
probability from the issuer’s industry. There are a total of 348 unique issuers for which 
hazard rate probabilities were available in the 24 different CLO deals. 
 
In general, default probabilities differ based on the health of the economy and the firm’s 
balance sheet characteristics. In our hazard rate estimation of these default 
probabilities, the health of the economy is measured using macro-economic factors as 
explanatory variables. To simplify the computation, we did not vary these probabilities 
by the issuer’s balance sheet characteristics. The impact of the exclusion of the 
financial factors is only to increase the standard error of the estimated default 
probabilities, but the default probability estimates will still be unbiased.  
 
Exhibit 6 presents 16 macro-economic variables used in this estimation. Exhibit 6 also 
includes the historical volatilities of the macro-variables over a representative period 
that excludes covid-related shocks. 
 
 
Exhibit 6: Macro-economic Explanatory Variables  
 

 
 
 
This collection of macro-factors captures the health of the economy reasonably well. It 
is the correlation between these macro-factors that induces the default correlations 
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across the loans in a CLO’s collateral pool. Exhibit 7 provides the correlations among 
these 16 variables macro-factors. 
 
 
Exhibit 7: Correlation of Macro-economic Variables 

 
 
 
A sample hazard rate estimation for one of the CLO‘s collateral pool loans, Nestle 
SA/AG, is given in Exhibit 8. The actual and predicted logit estimates are converted to a 
default probability for easy reference. Also provided is a time series graph of the 
estimated default probability of Nestle SA/AG from June 1997 to Dec 2019. 
 
 
Exhibit 8: Regression of 5-year KRIS Default Probability for Nestle SA/AG on 
Macro Factors 
 

 
 
 
We perform our estimation of the CLO tranches’ loss probabilities on June 14, 2022. 
Using the time 0 (June 14, 2022) five-year default probabilities for each loan in a CLO’s 
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collateral pool as just described, we use the CLOs waterfall, to simulate the 5-year 
horizon cash flows to each of the CLO tranches. We simulated 10 million different 
default and cash flow scenarios. We note that the default probabilities for the loans in a 
CLO's collateral pool in these scenarios are conditioned on the state of the economy on 
June 14th, 2022, hence they capture the correlation between defaults across the various 
CLO loans. 
 
Recovery rates in the event of default for each of the loans in all of the collateral pools 
are assumed to be 40%. This is a conservative assumption because historically 
recovery rates are often larger (see Guo, Jarrow, Lin 2008 for estimates of the recovery 
rate based on debt market prices). 
 
For each default scenario, the default losses over the 5 year horizon for each collateral 
pool are aggregated and allocated, according to the CLO’s waterfall, to the various 
tranches at the end of year 5. This allocation determines each CLO tranches’ loss 
probability. 
 
Exhibit 9 compares these CLO tranche estimated loss probabilities with the average 5-
year KRIS default probability for all public firms, by rating, on June 14th, 2022. 
 
 
Exhibit 9: Corporate Debt versus CLO Tranche Hazard Rate Estimated Loss 
Probabilities 

 
 
 



    
  

15 
 

As seen in Exhibit 9, the credit rated CLO loss probabilities are uniformly smaller than 
the standard debt issues. 
 
We next perform a non-parametric test of the null hypothesis that the 5-year default 
probabilities for corporate debt are equal to the hazard rate estimated CLO loss 
probabilities for the rated tranches using a bottom-up, reduced form credit risk model. 
The alternative hypothesis is that the CLO loss probabilities are smaller. Under the null, 
the probability of observing a 5-year default probability smaller than the CLO loss 
probability is 0.5. Let z be the fraction of debt default probabilities observed in our 
sample that are smaller than the CLO loss probability. 
 
For the credit rated CLO tranches, under the null hypothesis, the 
 

 𝑃𝑟𝑜𝑏(𝑧 ≥ 1) = 0.03125.4 
 

As seen, the null hypothesis is rejected at better than the 95% confidence level, and the 
alternative hypothesis that the CLO loss probabilities are smaller is accepted. This is 
strong evidence supporting the validity of hypothesis 2. 
 
 
6.  Empirical Tests of Hypothesis 3 
 
This section provides three empirical tests of hypothesis 3. The first test compares 
NAIC capital factors to those generated by hazard rate estimated capital factors based 
on a top-down, reduced form credit risk model. The second test compares NAIC capital 
factors to those generated for individual CLO tranches using a bottom-up, reduced form 
credit risk model. And finally, the third test explores VaR measures for a portfolio of 
CLOs using a bottom-up, reduced form credit risk model.  
 
 
6a.  Empirical Test 1 (Top-down Reduced Form Credit Risk Model) 
 
Our first empirical test of hypothesis 3 compares the NAIC capital factors with hazard 
rate estimated 10-year default probabilities from standard debt issues. From the 
definition of the NAIC capital factors (see Moody’s Analytics, April 2021, p.15), they are 
an estimate of the 96% loss over a 10-year horizon per dollar notional for any CLO 
tranche based on the credit rating implied default probabilities for standard debt issues 
as provided by Moody’s. This is approximately the expected loss on the CLO tranche 
over the 10-year horizon. 
 
To understand why this is true, note that CLO tranches have a waterfall structure with 
respect to defaults. If a loss occurs, then all tranches below the last tranche affected 
realize a 100% loss. All tranches above the last tranche to be affected have zero losses. 
Only the “marginal” tranche will have a loss rate less than one. For this reason, if a loss 

 
4 This is based on a binomial distribution with mean np and standard deviation sqrt(np(1-p)) where n = the sample 
size and p = probability of observing the 10-year probability smaller than the NAIC capital factor. 
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occurs for a CLO tranche, the recovery rate is most likely 0. Hence, the NAIC capital 
factor is a rough estimate of the expected loss (1 times the loss probability), and since 
the loss rate is unity, it is also an estimate of the 10-year loss probability for a CLO 
tranche. For these reasons, the 10-year default probabilities for standard debt issues 
based on hazard rate estimation are comparable to the NAIC capital factors, both used 
for CLO tranches. This approach is using a top-down, reduced form credit risk model. 
 
The NAIC capital factors are contained in the following Exhibit 10. Note that the capital 
factors range between 0.16% for the AAA rated tranche to 30.00% for the equity 
tranche. 
 
 
Exhibit 10: NAIC Capital Factors 
 

 
 
 
For expositional ease, we compare the medians of the hazard rate estimated default 
probabilities (obtained from Kamakura’s KRIS) for all companies with ratings from S&P 
Global Inc. from AAA to CCC over the time period 1990 – 2022. These comparisons are 
contained in Exhibits 11A – 11G, which graph the 10-year median default probabilities 
versus the NAIC capital factors for each credit rating over January 1990 to the present. 
As seen, for all credit ratings except AAA, the NAIC capital factors are uniformly too 
large. For example, consider Exhibit 11C for A rated bonds. The NAIC capital factor of 
.82% Is around 2 times greater than the hazard rate estimated default probability 
implied capital factors. 
 
For the AAA credit rating, the hazard rate probabilities are greater than the NAIC capital 
factors from 1990 until around 2009, which includes the 2007 credit crisis. Starting 
around 2010 the default probabilities are mostly below the NAIC capital factors. The 
reason for the reversal before 2010 is that it has been well-documented (see Section 2 
above), that the credit rating agencies over-inflated the ratings of AAA bonds prior to the 
credit crisis. 
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Exhibit 11A: KRIS AAA 10-year Median versus NAIC AAA Capital Factor 
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Exhibit 11B: KRIS AA+, AA, and AA- 10-year Medians versus NAIC AA Capital 
Factor 
 

 
 
 
Exhibit 11C: KRIS A+, A, and A- 1-year Medians versus NAIC A Capital Factor 
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Exhibit 11D: KRIS BBB+, BBB, and BBB- 10-year Medians versus NAIC BBB 
Capital Factor 
 

 
 
 
Exhibit 11E: KRIS BB+, BB, and BB- 10-year Medians versus NAIC BB Capital 
Factor 
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Exhibit 11F: KRIS B+, B, and B- 10-year Medians versus NAIC B Capital Factor 
 

 
 
 
Exhibit 11G: KRIS CCC+, CCC, and CCC- 1-year Medians versus NAIC CCC 
Capital Factor 
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The differences in these capital factors are summarized in the following Exhibit 12: 
 
 
Exhibit 12:  10-year default probability comparison to NAIC Factors 
 
Rating  Smaller  Equal   Larger 
AAA  
(Before 2010)    61   0   146 
(After 2010)  100   0    54 
 
AA - CCC  2,134   0    25 
 
 
As before, we next perform a non-parametric test of the null hypothesis that the 10-year 
default probabilities equal the NAIC factors versus the alternative hypothesis that the 
10-year default probabilities are smaller. Let z be the fraction of 10-year default 
probabilities observed in our sample that are smaller than the NAIC factors. 
 
For the rating category AAA, after 2010, in 154 independent observations, 100 10-year 
default probabilities are smaller. Under the null hypothesis, the 
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 𝑃𝑟𝑜𝑏 0𝑧 ≥ !""
!#$

	= 0.64945 ≈ 0.5 
 

As seen, the null hypothesis is rejected at better than the 99.99% confidence level, and 
the alternative hypothesis that the 10-year default probabilities are smaller is accepted. 

 
Similarly, for the ratings categories AA-CCC, over the entire sample period, in 2,159 
independent observations 2,134 10-year default probabilities are smaller. Under the null 
hypothesis, the 

𝑃𝑟𝑜𝑏 0𝑧 ≥ %,!'$
%!#(

	= 	0.98845 ≈ 0. 
 
Again, the null hypothesis is rejected at better than the 99.99% confidence level, and 
the alternative hypothesis that the 10-year default probabilities are smaller is accepted. 
 
The evidence in these exhibits, and the statistical tests based on a top-down reduced 
form credit risk model with hazard rate estimated default probabilities provides strong 
support for hypothesis 3. 
 
 
 
 
6b.  Empirical Test 2 (Bottom-up Reduced Form Credit Risk Individual Tranche 
Comparison) 
 
This section considers individual CLO tranches, and it compares the required capital 
using the NAIC capital factors and the VaR capital factors from a bottom-up, reduced 
form credit risk model with hazard rate estimated default probabilities. 
 
As described in section 5, we used the bottom-up, reduced form credit risk model to 
simulate the cash flows to the various CLO tranches over a 5 year horizon. From these, 
we compute the 96% VaR capital factors. These VaR factors should be based on the 
time 0 (June 14, 2022) present values of the CLO tranche’s losses occurring over the 5-
year horizon. Present values are typically computed using arbitrage-free, risk neutral 
valuation. 
 
However, we can simplify the previous calculation to obtain an upper bound for the VaR 
capital factors as just described. An upper bound provides a more conservative test of 
hypothesis 3, i.e. it is harder to reject hypothesis 3 using the upper bounds on the VaR 
capital factor estimates. 
 
To compute the upper bound for the VaR capital factors, instead of computing the time 
0 present values, we use the undiscounted 96% quantile simulated losses on each of 

 
5 This is based on a binomial distribution with mean np and standard deviation sqrt(np(1-p)) using a normal 
distribution approximation, where n = the sample size and p = probability of observing the 10-year probability 
smaller than the NAIC capital factor. 
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the various CLO tranches at year 5. Of course, these undiscounted losses are larger 
than those computed using using the theoretically correct methodology. 
 
For each of the CLO bond tranches in Exhibit 1, the VaR statistics are given in Exhibit 
13: 
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Exhibit 13: Tranche Value-at-Risk Statistics 
 

 
 
This exhibit shows that the NAIC capital factors are uniformly larger than the upper 
bounds for the VaR capital factors estimated using a bottom-up, reduced form credit risk 
model with hazard rate estimated default probabilities. 
 
As before, we can test the null hypothesis that the VaR capital factors are equal to the 
NAIC capital factors versus the alternative hypothesis that they are smaller, using the 
same non-parametric test used previously. Let z be the fraction of VaR factors observed 
in our sample that are smaller than the NAIC capital factors. For all the CLO tranches, in 
24 independent observations, 24 VaR factors are smaller. Under the null hypothesis, 
the 
 

𝑃𝑟𝑜𝑏(𝑧 ≥ 1) ≈ 0.6 
 

Hence, the null hypothesis is rejected at better than the 99.99% confidence level, and 
the alternative hypothesis that the VaR capital factors are smaller is accepted. In 
summary, this evidence supports the validity of hypothesis 3. 
 
 
 
 

 
6 This is based on a binomial distribution with mean np and standard deviation sqrt(np(1-p)) using a normal 
distribution approximation, where n = the sample size and p = probability of observing the 10-year probability 
smaller than the NAIC capital factor. 
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6c. Empirical Test 3 (Bottom-up Reduced Form Credit Risk Model Portfolio 
Comparison) 
 
This section considers a portfolio of CLO tranches, and it compares the required capital 
using the NAIC capital factors and the VaR capital factors. The difference from the 
preceding test is that when considering a portfolio, the VaR computation takes into 
account diversification across the CLO tranches, whereas the NAIC capital does not. 
Indeed, the NAIC capital for a portfolio is just the sum of the individual CLO’s NAIC 
capital factors, which ignores the benefits of diversification. Consistent with the 
randomness of credit ratings relative to hazard rate estimated default probabilities for 
corporate debt as discussed in Section 4a, there is significant error associated with the 
determination of NAIC capital factors based on NAIC factors for single issuer corporate 
debt. 
 
We constructed an equally weighted portfolio of the 24 CLO tranches contained in 
Exhibit 1 where each CLO tranche holding has a notional equal to its percentage of the 
total original collateral supporting the CLO deal to which that tranche belongs.  For the 
96% VaR computation, as before, the time horizon was set at 5 years. The number of 
simulations was 10 million.  
 
The 4% quantile of the change in this distribution from the portfolio’s initial market value 
is used to compute the portfolio’s VaR, which is given in Exhibit 14. 
 
 
Exhibit 14: Portfolio Value-at-Risk Statistics 
 

 
 
 
As seen, at the 96th percentile level, the amount of capital necessary to avoid the 
bankruptcy of an institution which held the CLO portfolio using the bottom-up, reduced 
form credit risk model is 2.18% versus 4.20% based on the NAIC capital factors. In 
summary, this test also supports the validity of hypothesis 3.7 
 
 
7. Conclusion 
 
This paper uses a bottom-up, reduced form credit risk model with hazard rate estimated 
default probabilities to compute various CLO tranches loss probabilities and VaR capital 

 
7 Because there is only one sample observation, no statistical test is possible at the portfolio level. 
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factors, and compares these estimates to equally rated corporate debt default 
probabilities and NAIC’s capital factors, respectively. It is shown, via various tests, that 
the CLO tranches loss probabilities are, on average, lower than comparably rated 
corporate debt. In addition, for the loss rates in the event of default for corporate debt 
versus CLO tranches, a similar argument can be made that corporate debt loss rates 
will be on average larger than an equally rated CLO tranche's loss rate. Finally, the 
NAIC capital factors are biased relative to the bottom-up, reduced form credit risk 
model’s VaR capital factors, and typically larger.  
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