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Abstract

We present an annotated version of slides used in a presentation to Risk Americas on
the reduced form approach to SOFR swap and swaptions valuation. The same
methodology can be used for any floating rate swap index from Libor to Treasury bills and
to any new short-term index that may emerge in the years ahead. The contents of the
slides were co-authored by Prof. Jarrow and Mr. van Deventer. The annotated comments
which follow reflect comments from the podium by Mr. van Deventer or additional remarks
that reflect the newer data used in this version and comments from conference
participants received after the original presentation.

From an academic point of view, Prof. Jarrow often comments that a model based on
false assumptions should be rejected. From a practitioner point of view, a model based
on false assumptions cannot be rejected until a more accurate replacement model is
available. This presentation is candid in its assessment of models in common use for
swaptions valuation and practical in replacing false assumptions with alternatives that fit
observable market prices perfectly.

Comments and suggestions are welcome at info@kamakuraco.com.

! Samuel Curtis Johnson Graduate School of Management, Cornell University, Ithaca,
N.Y. 14853 and Kamakura Corporation, Honolulu, Hawaii 96815. Email:
rajls5@cornell.edu

2 Kamakura Corporation, Honolulu, Hawaii 96815. Email
dvandeventer@kamakuraco.com
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SOFR Swap and Swaption Valuation
Risk Americas, May 11, 2022, Expanded Edition
Robert A. Jarrow and Donald R. van Deventer

This version of the presentation uses data as of May 13, 2022 instead of the April 22 data
discussed on May 11.
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The methodology discussed today is not new. It was developed in the late 1980s by Prof.

Jarrow, Andrew Morton, and David Heath. The academic version of the paper was

published in 1992 in Econometrica, t he AHJMO appr oaching dhatt er m s
approach derives the conditions for no arbitrage (i.e., a perfect fit to market data) for any

number of factors and any form of factor volatility. Because there can be many factors,

the word Avolatilityo by itself dnestiondfoo meani
swaptions valuation. These recent works provide extensive worked examples (on the

left) and a consistent mathematical framework (on the right) for what follows.
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Because Prof. Jarrow was unable to be present at the conference, Mr. van Deventer was
speaking without his fogwarrd.tée nAFmart htehmatt i rceaad s d
in this presentation consists of addition, subtraction, multiplication and division.
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Bond/Excel/Normal Fans versus Financial Market Police versus
Best Practice Financial Economics Serial Market Manipulators
(Black-Scholes and More)

Latest News

JPMorgan To Pay $920 Min Fine For
Manipulating Precious Metals,
Treasury Market

Two irresistible forces collide when it comes to the valuation of swaps and swaptions.
The first group is passionately devoted to Excel spreadsheets and two probability
distributions: the normal and lognormal distributions. The second group is the uneasy
collaboration between regulators, who have grown weary of corruption by dealers, and
the dealers themselves. SOFR was forced on market participants as the one interest rate
that is most difficult to manipulate. The authors belong to neither of these groups, although
Mr. van Deventer was a long-time card-carrying member of the Excel/normal group. He
has since moved on to more powerful tools.
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When financial market participants have a great deal of confidence in each other, the
“collateral re-use rate”, or the number of times T-bills (or perhaps short term German
Bunds) are lent and re-lent, increases. In the easier days of 2007, a short term T-bill
might be re-used as much as three times. By 2016, the re-use rate (a sort of inverse
measure of trust) had dropped to 1.8 times. In recent years, collateral re-use has

picked up again.

Now, though, the continuing interest rate gap between the RRP and short term bills
tells us there is a new scramble for access to the best collateral. That suggests financial

counterparties trust each other and their asset quality less and less.

John Dizard, Financial Times, April 9, 2022. “What

the Treasury bill collateral crunch tells us about

trust.”

RRP = “Reverse Repurchase Facility” 5

From an academic point of view, it is easy to argue that SOFR is the equivalent of a 1-
day Treasury rate, but this quote from the Financial Times makes it clear that SOFR is
much more than that.
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* Repo man: “A short-term Treasury is an unsecured
obligation of the US government. A repo is a loan with
collateral.”

o XYZ: “But that collateral is riskless.”

* Repo man: “Possession is 90% of the law, not 100% of
the law.”

* Punchline: The median SOFR rate reflects the defaulit
risk of the median market participant and the
recovery rate in the event of default of that individual
market participant.

» That being said, the SOFR index itself does not “default”
and Amin and Jarrow applies.

6

This exchange, after the presentation, explains why SOFR is NOT equivalent to a 1-day
Treasury. A repo trader made it clear that there is definitely a credit component embedded
in the repo rates from which SOFR is derived by the Federal Reserve Bank of New York.
The data which follows confirms this view quite clearly.
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We know we need more than one factor

We know that interest rates are not
constant and that the yield curve is not flat

We know that the “swap curve” is NOT a
yield curve, because there is no principal
exchange like there is in the bond market

We know that the Black-Scholes
framework has stood the best of time and
we use its generalization.

7

In what follows, we use best practice financial economics and the generalization of the
Black-Scholes risk-neutral valuation to eliminate a series of false assumptions commonly
used to value swaps and swaptions. We highlight those differences in the slides that
follow.
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U.S. Treasury Securities
Annualized Forward Rates, Zero Coupon Yields, and SOFR Swap Yields
Kamakura Risk Manager, Version 10
Using Maximum Smoothness Forward Rates, Adams and van Deventer [1994, updated 1996]
Trade Date: May 13, 2022
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Zero Coupon Bond Yields . Forward Rates ® Par Coupon Yields ® SOFR Swap Yield

Source: Kamakura Corporation, U.S. Department of the Treasury

On this slide we plot U.S. Treasury par coupon yields, U.S. Treasury zero coupon Yyields,
U.S. Treasury monthly forward rates, and SOFR swap quotes out to 30 years as reported
by Bloomberg. SOFR swap rates, in part due to differences in day count basis, differ
significantly from par coupon Treasury yields. We explain why in the following slides.
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Comparison between Compounded SOFR and Implied SOFR
With Matched Maturity US Treasury Interest

January 2, 1962 to April 30, 2022, Daily

Root Mean
Days to R- Squared
Maturity Alpha Beta Squared Error
7 0.000% 99.783% 99.820% 0.003%
28 0.000% 99.162% 99.181% 0.024%
56 0.002% 98.244% 98.116% 0.072%
91 0.006% 97.074% 96.747% 0.154%
182 0.013% 94.723% 93.783% 0.427%
364 0.042% 91.703% 89.145% 1.146%
546 0.134% 88.202% 2.149% 2.149% 9

Most of the worry about SOFR as an index is the ex-post compounded floating rate
payment. In this table we use daily Treasury yields since January 1962, smoothed to
provide discount factors from 1 day to 30 years for every observation date. Using
overlapping time intervals from 7 days to 18 months.® We run a regression of this form:

Compounded SOFR = alpha + beta (time 0 fixed dollar interest on matched maturity fixed
rate Treasuries)

Note the fAbetao in this equation declines wit

3 We apologize that the adjustedsquared for 546 days is not correct due to inevitable Excel errors.
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Distribution by Days to Maturity
Fixed Treasury Dollar Interest Minus SOFR Dollar Interest on $1 Notional
For Maturities from 1 Day to 18 months
Using Daily Historical Data
January 2, 1962 to April 30, 2022

15
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Source: Kamakura Corporation, U.S. Department of the Treasury. Average of Percentile 50: 0.001742
10

Thisgraph shows the dispersion (we try to avoid
SOFR or 1-day Treasury (depending on SOFR availability) around the fixed dollars of
interest on U.S. Treasuries over the full time period.
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U.S. Treasury Zero Coupon Yields
Actual and Empirical Expected Yields
HJM 10 Factor Model with Stochastic Volatility
Simulation Start Date: May 13, 2022

Percent
2
1

Years to Maturity

U.S. Treasury Zero Coupon Bond Yield

U.S. Treasury Empirical Expected Yield

Source: Kamakura Corporation, U.S. Department of the Treasury
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One of the reasons for the decline in beta on a data set that is mainly 1-day Treasury
yields is the term premium embedded in U.S. Treasuries. This graph, updated weekly on
www.kamakuraco.com, shows the difference between the time zero U.S. Treasury zero
coupon bond yield curve versus the total return on the compounded return on expected
empirical (not risk-neutral) 3-month Treasury bill yields in a 10-factor Heath, Jarrow and
Morton simulation of 500,000 scenarios that we explain in later slides. We need to

determine whether this is relevant to SOFR swaps and swaptions.
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Now we turn to SOFR swaps first and derive what alpha and beta values are implied by
observable SOFR swap vyields.
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Mathematical Finance, Vol. 2, No. 4 (October 1992), 217-237

PRICING OPTIONS ON RISKY ASSETS IN A STOCHASTIC
INTEREST RATE ECONOMY'

KAUSHIK 1. AMIN
School of Business Administration, University of Michigan, Ann Arbor, Ml
ROBERT A. JARROW

S. C. Johnson Graduate School of Management, Cornell University, Ithaca, NY

This paper studies contingent claim valuation of risky asscts in a stochastic interest rate economy.
The model employed generalizes the approach utilized by Heath, Jarrow, and Morton (1992) by
imbedding their stochastic interest rate economy into one containing an arbitrary number of addi
tional risky assets. We derive closed form formulae for certain types of uropean options in this
context, notably call and put options on risky assets, forward contracts, and futures contracts. We
also value American contingent claims whose payofTs are permitied t be general functions of both
the term structure and asset prices generalizing Bensoussan (1984) and Karatzas (1988) in this re-
gard. Here, we provide an example where an American call’s value is well defined, yet there does
nol cxist an optimal trading strategy which attains this value. Furthermore, this cxample is not
pathological as it is a generalization of Roll’s (1977) formula for a call option on a stock that pays
discrete dividends.

Kevworns: American call valuation, option pricing. stochastic interest rates. martingale
measures

1. INTRODUCTION

This paper makes three contributions to the literature on the arbitrage-free pricing of
contingent claims. The first contribution is to generalize Heath, Jarrow, and Morton’s
(1992) interest rate option pricing model to include additional risky assets. This extension
enables the HIM methodology o be utilized, for example, to price options on common
stocks under stochastic interest rates (generalizing Merton 1973) or options on futures
(generalizing Black 1976 and Jarrow 1987). To illustrate these procedures, closed form
solutions for European type call and put options on risky assets, forward contracts, and
futures contracts are provided.

The second contribution of this paper is to extend HIM (1992) to incorporate American-
type options. Ce this analysis i (1984) and Karatzas
(1988) to unbounded interest rate processes and claims whose payoffs are dependent on
the term structure of interest rates. Finally, the third contribution of this paper is to pro-
vide an example of a discontinuous sample path price process where the American call’s
value is well defined but where there exists no trading strategy attaining this value. This
example highlights the important role that sample path continuity of the price process
plays in the existing literature on American claim valuation. This example is also of
independent interest as it generalizes Roll (1977).

"This paper includes the content from carlier papers by K. Amin, “Pricing American Options in 2 Term
Structure Economy.” 1989, and R. Jurrow, “Option Valuation of Risky Assets in a Stochastic Interest Rate
Economy,” 1988. Helpful comments from Robin Brenner, Peter Carr, David Heath, and the participants of the
Finance Workshop at Comell University are gratefully acknowledged.

Manuscript received May 1991 final version received May 1992
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Amin and Jarrow, 1992

Any number of factors driving
U.S. Treasury yields

Any form of factor volatility

Imply link between SOFR and
Treasuries from market prices

Impose no-arbitrage
conditions

Use risk-neutral probabilities

Counter-party assumed to be
risk-free
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To do this, we use the extremely powerful approach of Amin and Jarrow (1992), which
shows how to do valuation of any non-defaultable instrument in an environment where
the risk-free curve is driven by multiple factors and volatility that can be either random
(driven by rate levels, for example) or simply time dependent. We assume the swap and
swaption counterparties are risk-free as Black and Scholes did. We note that an individual
repo counterparty can default, but the SOFR index does not. For that reason, Amin and
Jarrowbds approach is appropriate




@ <ok How to Value Anything

Corporation . ,
P in one slide

W\

Value of risk-free money market fund in 1 period.
Note this value is not random because the investment rate for 1 period is known at time
t. Note that the risk-free rate r is NOT annualized.

B(t,t+A) = =1+7r(tt+A)

P(t,t +A)

* Consistent with Black-Scholes, 1973

» Create N Monte Carlo scenarios that price the full
Treasury curve perfectly

» (Calculate the cash flows of the SOFR derivative at each
time step

» Discount at the U.S. Treasury money market fund value
at that time step for that scenario

« Take the average over all scenarios.
« That is the “risk-neutral” value 14

This slide summarizes the differences between best practice financial economics and

common practice for swap and swaptions valuation. The most important difference is

that all discounting is based on the risk-free yield curve. Specifically, a forward-looking
simulation is used to generate the daily comp
fundo that takes on a different value in each
does not use a constant discount rate (Black-Scholes did so only because they assumed

rates were constant). Moreover, the relevant yield curve for discounting is NOT the swap
Acurveo (which is not a yerieelthe swamucurveeratherthnam t hi s
using it as an input to valuation.




\\\\\m

| & <oz, Present value of $1in J perlods.

(

IMPORTANT HJM NOTE: Parameters of HIM models are always selected so that
observable zero-coupon bonds are priced perfectly. If we have W observable zero
coupon bonds, we know that
) 1
P(Lt+j8) = E, [B(t,t +jA)]
forall j=1, W.

Professor Jarrow: “The expectation E is taken over the risk-neutral
probabilities.

15

This slide summarizes how the Heath, Jarrow and Morton approach provides a Monte
Carlo simulation that perfectly values not only the time-zero U.S. Treasury curve but also
perfectly prices future returns for any maturity and any holding period. Using 120
guarterly yield segments of the May 13, 2022 U.S. Treasury curve, the Monte Carlo
simulation is generated such that the risk-neutral expected value of the 120 zero coupon
bond prices matches their value exactly. We use this knowledge to derive valuations that
apply to all simulations, not just the simulation we performed on May 13.
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Single-Payment SOFR Swap Valuation

The value of the fixed side of the SOFR swap is straightforward. The value of S dollars
in N days is calculated by taking the expected value using the risk-neutral probabilities
and the related money market fund B:

S
V-(t,t + NA) =E [—]zSP t,t + NA
FlEt+NA) =1E, B(t,t + NA) (LE+Na)

The first payment on the fixed side of the SOFR swap which pays S dollars in
annual time steps is just S times the value of a risk-free 1-year zero coupon bond.

16

Using the Amin and Jarrow approach, we know the value of the first fixed dollar payment
on a SOFR swap for S dollars in N days is the risk-neutral value of S discounted by the
U.S. Treasury daily money fund value in each scenario. Because S is not correlated with
future interest rates, it comes outside of the expectation. The value is simply S times the
zero-coupon Tr easury bond that matures on the
C u r v exractadiscount factor is simply as wrong as it is common.

dat e
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m
Vo (.t + Ny, m) = 52 P(t,t + N;A)
=1

The fixed side of the swap involves m points on the yield curve. This means

that a perfect hedge of a SOFR swap position could involve as many as 10
positions.

17

The value of the fixed payments (m in total) on a SOFR swap is just S dollars times the
m zero coupon U.S. Treasury zero coupon bonds maturing on the m payment dates. The
only information we use from the swap market is the dollar amount of the fixed payment.
Note that the value of all fixed payments does not equal the notional value of the swap.
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Now we generalize the problem to a security that pays an index “L”, which equals alpha
plus beta times (the unannualized dollar interest for one period on notional principal of
$1) plus an error term that has mean 0 and that is uncorrelated with the level of the risk-
free rate used in discounting. The derivation is identical:

V(t) =E,

B(t,t + 3A)

a, + B, [r(t + 2A,t + 3A)] + e(t +jA)]

" THB(t, t + 20)B(t + 2A,t +3A) | B(t,t +3A)  B(t,t + 3A)
We value a SOFR floating rate payment with the cash paid at the end of period
3. The amount of cash paid is alpha plus beta times (the 1--period Treasury

period Treasury floating rate dollars of interest) plus an error term (uncorrelated
with the money fund value under the risk neutral probabilities).

Professor Jarrow: The error term is idiosyncratic risk and reflects the
market micro-structure considerations of swaps versus Treasury
markets. Consequently, its risk-neutral expectation is zero. 18

Now we use the same approach to value one floating leg of the swap, taking the third
floating rate payment as an example. We know from previous slides that repos have a
non-zero default risk and a recovery rate that is not necessarily 100% in the event of
default. As a first approximation for this risk above and beyond the one-day Treasury, we
assume the compounded SOFR rate paid at the end of period 3 is alpha plus beta times
the dollars of interest r that would be paid on a compounded 1-day Treasury rate, plus an
error term. When we recognize that we have a Treasury money market fund component
in both the numerator and the denominator and take risk-neutral expectations, magic
happens.
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V(t) = a,P(t,t+3A0) + B, [P(t,t +2A) — P(t,t + 34)]

The expectation in the third term on the right-hand
side is zero as explained above. Therefore, the
value of a SOFR payment in period 3 is the formula
shown above.

19

Without doing any simulations, risk-neutral valuation gives us an explicit formula for the
3" floating rate payment that is a function only of alpha, beta, and the U.S. Treasury zero
coupon bonds that mature at the end of periods 2 and 3.
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Table of Payment Values for Multi-Payment SOFR Swaps with Annual Payment Intervals

S Dollar amount of interest on fixed side of SOFR swap
P(j) US Treasury zero-coupon bond price maturing in j years. Note P(0)=1.
alpha(j) Constant term linking 1-year compounded SOFR interest to
1-year compounded daily Treasury interest for 1-year period ending in j years
beta(j) Coefficient of compounded daily Treasury interest term linking 1-year compounded

SOFR interest to 1-year compounded daily Treasury interest for 1-year period ending in j years

Payment ‘Type of Paymnet

Date in Years Fixed Floating Payment Values
1 SP(1) a(1)P(1)+B(1)[P(0)-P(1)]

2 SP(2) a(2)P(2)+B(2)[P(1)-P(2)]

3 SP(3) a(3)P(3)+B(3)[P(2)-P(3)]

4 SP(4) a(4)P(4)+B(4)[P(3)-P(4)]

5 SP(5) a(5)P(5)+B(5)[P(4)-P(5)]

6 SP(6) a(6)P(6)+B(6)[P(5)-P(6)]

7 SP(7) a(7)P(7)+B(7)[P(6)-P(7)]

8 SP(8) a(8)P(8)+B(8)[P(7)-P(8)]

9 SP(9) a(9)P(9)+B(9)[P(8)-P(9)]
10 SP(10) a(10)P(10)+B(10)[P(9)-P(10)]
Total: S[P(1)+...P(10)]

When ais0and b is 1 in all periods
Total: S[P(1)+...P(10)]

[a(1)P(1)+...a(10)P(10)]+[b(1)(P(0)-P(1))+...+b(10)(P(9)-P(10)]

P(0)-P(10)=1-P(10)

k\“\\

20

This table summarizes the values of the fixed and floating rate payments on SOFR swaps
with annual payment dates out to 10 years. IMPORTANT NOTE: When alpha and beta
are 0 and 1 respectively (as they would be if we were talking about compounded 1-day
Treasuries instead of SOFR), the sum of the floating payment values is simply $1 minus
the value of a Treasury zero coupon bond that matures on the last swap payment date
(this happens because there is no principal exchange on the swap, contrary to common

market assumptions).
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To maintain complete generality, assume the m payment dates take place in
N4, No,...,N,, days from initial time t

m
K(1,m) = z P(t, t + N;A)
=1

Ve(t,t + NpyA,m) = SK(1,m)

21

For notional convenience, we let K be the sum of the Treasury zero coupon bond prices
on each payment date. Vs is the value of the fixed side of the swap.
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V,(t,t + N,A,m) =
m

= Z[a(t + Ni—lA; t + NLA)]P(t, t + NLA)
i=1

L(t + Ni_1A, t + N;A)[P(¢t, t + N;—1A)

'MS

Il
[y

l

— P(t

/‘\

t,t + N;A)|

In the special case where alpha is zero and beta is 1 in every period,

Vo(t,t + NyA,m) =1 = P(t,t + N;A)

22

Ve is the value of the floating side of the swap. The mathematical summary here says the
same thing as the table in slide 20.
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The dollar fixed rate payment Sm which causes the value of this new swap to be zero
can be derived as follows:

V(t,t + NyAm) =0=S,K(1,m) —V,(tt+ NyAm)

_ V(t,t + NyyA,m)
me K(1,m)

HEDGING NOTE: The dollar swap payment that correctly values the swap at zero

(no-arbitrage assumption) is determined by m points on the Treasury curve, m
values of alpha, and m values of beta.

In the special case where alpha is zero and beta is 1 in every period,
V. (t,t + NyA,m) =1—P(t,t + N;A)

5 _1-P(t,t+ N;A)
me K(1,m)

23

Using these formulas with no simulation, we can solve for the equilibrium no arbitrage
fixed dollar payments on a SOFR swap as a function of alpha and beta in each payment

period (we dondét assume that they are constan
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« Set ato 0.042% for all 1-year periods for
years 1 through 10

 Derive (1) from observable fixed dollar
payment for 1-year SOFR swap

» Recursively move down the yield curve:

— Using B(i) values for shorter maturities, derive
B(j) from observable fixed dollar payment for j-
year SOFR swap

— Step forward 1 year and repeat until 10-year
point is reached

24

We can use the observable market prices on SOFR swaps and the related fixed dollar
payments Sy to imply beta if alpha is assumed to be the 0.042% historical value from
1962 through April 30, 2022. That leaves us with one unknown (beta) in each period. We
solve for the beta that correctly prices a 1-year SOFR swap. We then recursively repeat
the process, stepping forward one year at a time, until we have beta for the first 10 years
of swap pricing.



We do that for May 13 and find that the implied beta values through 18 months are
consistently higher than the historical betas for the merged 1-day Treasury and SOFR

data base.* Thisisconsi stent with the repo traderos
embedded in repo quotations underlying SOFR.

4 SOFR data was not reported by the Federal Reserve Bank of New York until April, 2018.




